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Abstract

The field of Si photonics is concerned with the development of photonic components that

are compatible with highly mature complimentary metal-oxide (CMOS) fabrication pro-

cesses. Recently, optoelectronic integrated circuits (OEICs) operating in the mid-infrared

(mid-IR) have garnered interest, driven by their suitability for lab-on-a-chip spectroscopy.

Despite significant progress in passive components, the lack of high-quality CMOS com-

patible light sources is bottlenecking the production of fully integrated circuits. Various

methods of incorporating lasers onto Si exist, however, long-term, monolithic epitaxial

growth is preferential for scalable, low-cost manufacturing. In this thesis, two different

approaches for epitaxial integration of mid-IR light-sources on Si are investigated.

The first approach is to move away III-V lasers, instead utilising direct bandgap group

IV materials. The performance of first-generation electrically injected bulk GeSn lasers

were probed using high hydrostatic pressure at low temperature. The devices exhibited

threshold current densities of 1.2 kA/cm2 at 85 K which rose with increasing pressure.

93% of the threshold is attributable to large defect related losses in the buffer layer, but

even at low temperatures over 1% of carriers are found to occupy states in the L-valley.

Temperature-dependent modelling of the carrier distribution was then used to assess the

feasibility of GeSn as a bulk active region material. This showed that Sn contents in

excess of 20% were required to ensure over 90% of carriers occupy the Γ valley at room

temperature (RT). As such, it is likely that the upper operational temperature is limited

by indirect carrier losses and a change of heterostructure design is required to achieve

electrically injected devices close to RT.

The second approach involves heteroepitaxial growth of mature Sb-based lasers on Si.

In this study, devices on Si operating at 2.3 µm are compared to those on native GaSb

emitting at a similar wavelength. Temperature-dependent measurements were used to

confirm heightened defect related recombination in the devices on Si, and illustrated the

onset of a highly temperature dependent process above 150 K. A combination of high

hydrostatic pressure measurements and modelling suggest that hole leakage and leakage

of carriers to confined L-valley states were likely contributing to the observed temperature

dependence in the lasers on Si. Adaptations to the active region and waveguiding layers

are proposed to improve the performance of future devices.
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Chapter 1

Introduction

1.1 Mid-Infrared Lasers

In 2022 the semiconductor laser market was worth an estimated $7.7B, with projections

reaching $13.3B by 2029 [1]. This largely reflects their importance in telecommunications

networks which are expected to expand significantly to accommodate the requirements

of increasingly data heavy machine learning (ML) and artificial intelligence (AI) appli-

cations [2]. However, semiconductor lasers are now also fundamental in numerous other

sectors, ranging from industrial manufacturing to defence and healthcare. Such devices

are favourable over alternative laser types due to long lifetimes, low power consumption,

direct modulation capability and small-footprint, making them suitable for integration in

compact optoelectronic circuits (OEICs). Additionally, devices can be made to emit over

a wide range of wavelengths, spanning from the ultraviolet through to the far infrared

(IR), by appropriately engineering the heterostructure design and material compositions.

Since the industry has received significant historical investment [3], the manufacturing

capabilities today are highly mature and scalable, resulting in relatively low cost lasers.

This work focuses on lasers operating in the mid-IR spectral region. The span of wave-

lengths encapsulating the mid-IR is somewhat arbitrary and often varies in literature

depending on the field or application. In this work it is defined to be ∼ 2 - 12 µm, which

is commonly addressed using the antimonide material system. The antimonide family

collectively refers to GaSb, InAs, InSb, AlSb and their multinary alloys which are near

lattice matched to GaSb. From these materials, bandgaps of between 0.1 - 2.0 eV can be

achieved corresponding to emission wavelengths of ∼ 0.6 - 12 µm [4]. Such a wide range

1
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of attainable bandgaps permits a variety of band alignments, ranging from standard type

I, to type II where electrons and holes are confined in different layers, or even type III

broken-gap materials where the conduction band minima is below the valence band max-

ima in the adjacent layer. As such, this system has become the standard for producing

interband cascade lasers (ICLs) and standard quantum well (QW) lasers in the mid-IR,

whilst also being widely utilised in quantum cascade lasers (QCLs) [5].

Type I devices are able to cover the 2.0 - 3.7 µm spectral range. Such lasers have demon-

strated high power emission up to 2.5 µm, boasting 1.8 W output under continuous wave

(CW) pumping at RT with a 28% wall plug efficiency [6], and hundreds of mW output has

been achieved for emission above 3 µm [7]. At this time, CW operation has been realised

up to 3.44 µm [8], whilst pulsed devices can reach 3.7 µm [9]. A type I design has also

been implemented in a cascading scheme, allowing much lower threshold current densities

to be achieved in longer wavelength devices as a result of carrier recycling [10]. Above

3 µm, these devices exhibit threshold current densities of just ∼ 100 A/cm2 compared

to over 400 A/cm2 in non-cascaded structures. However, such lasers necessitate higher

turn-on voltages.

In type II devices, electrons and holes are confined in separate layers. This allows each

layer to be independently optimised for their respective carrier type. As such, emission

energies less than the bandgaps of the constituent materials can be attained, thus greatly

extending the range of achievable wavelengths. Typically, type II active regions are im-

plemented in a so-called ‘W’ structure, whereby two electron confining layers are used to

sandwich a hole confining layer. Since the layers are thin, the electron wavefunction is

coupled between wells resulting in increased electron-hole overlap and thus improved gain

when compared to a single electron confining layer. Such active regions are most abundant

in ICLs. GaSb-based ICLs have exhibited RT operation in the 2.8 - 6 µm spectral range

[11], with lower threshold current densities than standard type I devices above 3 µm [12].

A minimum of < 200 A/cm2 is achieved for wavelengths between 3 - 4 µm, above which

the value rises consistently to around 1 kA/cm2 at 6 µm [12].

In QCLs lasing is achieved using only a single carrier type (predominantly electrons)

through intraband transitions between quantised sub-band states. In doing so, the emis-

sion wavelength is decoupled from the bulk bandgap of the material and is instead pre-

dominantly dependent on the confinement and material composition of the active layers

[13]. Additionally, their unipolar nature means that Auger-Meitner recombination, which
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would otherwise hinder long wavelength operation, is inherently suppressed [14]. This

combination of factors has enabled wavelengths ranging from ∼ 3 - 25 µm to be achieved

using this technology [15]. However, carrier leakage caused by inter-valley scattering com-

monly degrades the performance of shorter wavelength QCLs lattice-matched to GaAs or

InP [16].

In the last decade, group-IV lasers based on the GeSn material system have also emerged

as promising candidates for future mid-IR applications. This alloy has gained traction

primarily due to the ease with which it could be epitaxially integrated into Si-photonics

circuits utilising pre-existing, mature CMOS processes [17]. Whilst Ge is not a strong

emitter due to its indirect bandgap, alloying with the semi-metallic α-Sn pulls down the

conduction band (CB) at the zone centre faster than the indirect valleys. This results in

truly direct gap material for Sn contents above ∼ 8 % [18]. These ideas culminated in

the first optically pumped GeSn laser in 2015 [19], with RT lasing recently being reported

in highly strained GeSn alloys [20], albeit under very high optical pump powers. Major

progression was attained in 2020 with demonstration of the first electrically injected GeSn

laser [21], however the operational temperature in such devices is currently limited to <

140 K [22].

1.2 Towards Si Photonics

Photonic integrated circuits (PICs) incorporate a number of photonic components, such as

modulators, detectors, interferometers and light-sources, on a single chip. Light is guided

to different parts of the circuit, where operations are performed, by way of an optical

waveguide, which is the photonic equivalent of copper wires in electronics. PICs based on

the InP materials system are now commonplace within telecommunications settings, such

as data centres, stemming from inherently higher bandwidth density, large data transfer

rates and lower power consumption compared to conventional electronics.

For many applications, it is useful to have both photonic and electronic components on a

single chip, forming an OEIC. By fully integrating photonic and electronic components on

chip, issues with separate packaging are avoided. For example, transmission efficiency can

be improved since poor optical coupling is reduced by alleviating the need for precise fibre

alignment. Furthermore, the single step production results in a highly scalable process

with large yields, thereby reducing costs.
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To integrate electronics in a low-cost manner, it is necessary to leverage highly mature

CMOS processing technologies. As such, CMOS compatible material systems that can

provide optical guiding and manipulation are required. The field concerned with the

study of compatible components and their integration is known as Si photonics. In recent

years, significant progress has been made in the production of passive CMOS-compatible

components, such as photodetectors, high-speed modulators, multiplexors and waveguides,

required for photonic circuitry, but integrating light sources on Si has proved to be a

bottleneck.

Since Si and other group-IV materials are generally poor emitters, it is highly desirable to

incorporate efficient, high-performance lasers formed from III-V multinary alloys, such as

those discussed in the previous section. However, direct epitaxial growth of III-V material

on group-IV substrates is greatly complicated by three fundamental differences:

1. Polarity mismatch - Si is classified as a polar material, whilst III-Vs are non-polar,

owing to their two atom basis. This results in a disruption to the lattice periodicity

at the interface between the two, leading to the formation of antiphase boundaries

(APBs) and threading dislocations (TDs).

2. Lattice mismatch - Often the difference in the relaxed lattice constant of III-V

and group-IV materials is large. Thus, when growing a layer of one atop the other,

it becomes energetically favourable to form large densities of TDs to reduce strain.

3. Thermal mismatch - The thermal expansion coefficients of III-V materials are

typically larger than that of Si. Hence, when cooled after epitaxial growth, the

III-V layer shrinks faster, pulling the layer into tensile strain. This can again result

in large dislocation densities, micro cracks or wafer bowing.

TDs and APBs introduce localised energy states into the bandgap, and therefore act as

carrier traps. From here, carriers predominantly recombine non-radiatively, leading to

significantly degraded device performance. Currently, there are four primary techniques

for integrating lasers on Si, each with their own merits and drawbacks, these are:

1. Flip-chip bonding - Commonly referred to a hybrid integration, this method in-

volves integrating single, pre-fabricated III-V lasers using an adhesive. In doing so,

individual devices can be tested prior to integration, ensuring that only lasers meet-

ing the necessary performance criteria are used. However, coupling light into the
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circuit is highly dependent on the alignment of the source and waveguide. Thus, very

precise processes are needed to attain acceptable in-plane alignment, and variance

in the adhesive height can result in vertical misalignment. Hence, despite the use

of high quality lasers, the overall efficiency of the produced OEICs may be low, and

the requirement for precise positioning of individual devices limits manufacturing

scalability.

2. Wafer-to-wafer bonding - This technique, also known as heterogeneous integra-

tion, involves bonding a full wafer containing the III-V laser stack onto the Si sub-

strate. The material is then lithographically patterned and etched to produce the

final laser structures. In doing so, precise alignment between the laser and waveg-

uide can be achieved, resulting in enhanced optical coupling into the photonic circuit.

Despite this, there are issues pertaining to excessive material wastage. Firstly, Si

wafers in standard foundries typically have diameters of 200 - 300 mm. In contrast,

the brittleness of III-V materials means GaAs and InP wafers are limited to 150 mm

and 100 mm, respectively [23]. This size mismatch means a significant area of the

Si wafer cannot be utilised, therefore increasing the cost per unit. These costs are

further exacerbated by the amount of III-V material that is not used. Typically, in

excess of 95% of the expensive III-V material is etched away during the processing

step [24]. Furthermore, the mismatch in thermal expansion coefficients can lead

to wafer bowing and delamination [25]. Despite these drawbacks, the high-volume

capability of this technique means that it is now widely utilised in the production

of Si photonics-based PICs and OEICs, primarily for data centres [26].

3. Heteroepitaxial III-V integration - Heteroepitaxial growth describes the direct

deposition of III-V materials onto a silicon substrate through monolithic processes

such as molecular beam epitaxy (MBE) or chemical vapour deposition (CVD). The

aforementioned issues with growth on Si have thus far limited the integration of

III-V devices for Si photonics based PICs and OEICs [27]. However it is widely

appreciated that this method has the potential to address the shortcomings of the

previous techniques providing these issues can be effectively managed [28].

4. Group-IV lasers - Growth of direct gap, group-IV lasers would be the ideal solu-

tion as it retains the benefits of direct epitaxy, while improving on the III-V system

due to reduced thermal and polarity mismatch with Si. Since these materials are

commonly utilised in CMOS processes, light sources based on these constituents
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Figure 1.1: Atmospheric transmission spectra, indicating wavelength ranges where
absorption from water vapour (H2O) and carbon dioxide (CO2) is high. Data obtained

from [29].

would be easy to integrate into current production flows and likely minimise asso-

ciated costs. Research on electrically injected group-IV lasers is still in its infancy,

with operation limited to cryogenic temperatures.

1.3 Mid-Infrared Applications

Interest in the mid-IR spectral range fundamentally stems from the presence, and absence,

of strong molecular absorption resulting in two primary applications: spectroscopic sens-

ing and low-attenuation free space optical communications. In this work, focus is placed

on the former, exploring how the lasers discussed in section 1.1 can be utilised in OEIC-

based sensors to benefit a number of fields.

Molecules are able to absorb light because they have quantised energy levels corresponding

to electronic, vibrational and rotational states. The fundamental vibrational transitions

(v=0 to v=1) occur in the mid-IR and are characteristic of the specific chemical bond.

Rotational transitions are much smaller in energy. As such, transitions are nominally

roto-vibrational, meaning that both the vibrational and rotational states are altered. This

manifests as a band of energies known as the fundamental band, where fine structure is

introduced by way of the rotational excitations. Transitions to higher order vibrational

states are known as overtones. These typically occur outside of the mid-IR and have

orders of magnitude weaker absorption features since such transitions are forbidden in a

perfect harmonic oscillator. Thus, the comparative intensity of absorption features in the

mid-IR make it especially attractive for spectroscopic sensing applications.
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Figure 1.2: Absorption lines of important molecules for an array of environmental, med-
ical and industrial applications in the mid-IR. The spectra of each molecule is normalised

to it’s own maxima. Data obtained using Radis [30].

Measurements of trace gases conducted in atmosphere can be greatly impacted by the

presence of competing absorption features, which complicate quantitative analysis. How-

ever, the mid-IR has numerous spectral regions where absorption is relatively low for

the most abundant atmospheric gases such as water vapour, as shown in Fig. 1.1. These

transparency windows coincide with absorption features of numerous molecules important

across a wide variety of sectors, from medical to environmental and defence, a selection

of which are illustrated in Fig. 1.2.

Currently, Fourier transform IR (FTIR) spectrometers are the most commonly imple-

mented set-ups for performing mid-IR absorption spectroscopy. A standard FTIR is

comprised of a Michelson interferometer, broadband light source, sample compartment,

detector and various optical components. As a result, a typical set-up required to measure

analytes to the appropriate level of sensitivity will often occupy a lab bench, and weigh

between 10 - 30 kg. While more portable FTIRs do exist, they often do not exhibit the

levels of spectral resolution and sensitivity required for many applications. In addition to

issues of manoeuvrability, there is also significant amounts of wasted energy. This stems

from the use of a broadband light source, where quantitative analysis of a single molecular

species requires only a monochromatic source. However, potentially the most detrimental

drawback is the lack of in-situ monitoring which inhibits real-time data collection in highly

dynamic situations and may degrade the integrity of the sample when removed from it’s

original environment.

As such, Si-based OEICs utilising mid-IR semiconductor lasers may provide a number

of key benefits for absorption spectroscopy applications. The first of which arises from

the ability to leverage highly mature CMOS processing, opening pathways to low cost
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and large volume manufacturing of small, lightweight and reliable chips [31], [32]. This

scheme would therefore enable cost-effective monitoring of a sample to take place in the

original environment, thereby alleviating issues with storage and contamination, whilst

simultaneously providing continuous, real-time data in adaptive situations.

While there is significant interest in broadband mid-IR technologies to enable label-free

sensing, such as supercontinuum generation [33], diode-based sensors will likely focus on

targeting a specific analyte using a single, prominent absorption feature. This is especially

true of GeSn-based lasers which aren’t expected to yield broadband emission or generate

powers high enough to drive supercontinuum generation. Using this sensing scheme, the

inherently narrow bandwidth ensures greater energy efficiency when compared to current

FTIR-based methods, with less power wasted in generating light at non-essential wave-

lengths. This feature also provides greater specificity since the source can be tuned, via

current or heater, to precisely target a specific molecular absorption line whilst avoiding

closely spaced absorption features [34]. Examples of this implementation are explored in

the ensuing sections.

Additionally, non-chip-based absorption spectroscopy techniques employing diode lasers

are routinely able to detect gas concentrations at parts-per-million and frequently parts-

per-billion levels [35], [36]. This highlights the potential for fully integrated OEICs to

perform trace gas detection with high levels of sensitivity. The following sections explore

how mid-IR absorption spectroscopy is utilised in different areas, and how they may

benefit from Si-photonics-based OEICs.

1.3.1 Environmental, Industrial and Defence Applications

Environmental risks can encapsulate a wide array of hazards, including natural disas-

ters, pollution, climate change, and industrial by-products, all of which pose threats to

ecosystems, human health, and socio-economic stability. Given the rise in pollution levels,

manufacturing processes and the demand for early disaster detection systems, real-time,

on-site environmental monitoring is crucial for enabling those responsible to construct

informed mitigation strategies. The benefits afforded by “lab-on-a-chip” (LOC) OEICs

make them an interesting prospect for such use-cases.

For example, significant progress has been made towards OEICs for two of the primary

gases contributing to global warming; carbon dioxide (CO2) and methane (CH4). In 2017,
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the first silicon photonics chip to detect a greenhouse gas was reported by Tombez et al.,

who measured absorption using the λ = 1.65 µm overtone transition of methane [37]. A

transition to the mid-IR was made in 2023, when a Si slot waveguide scheme was utilised

to detect methane using the fundamental λ = 3.2704 µm line, with a sensitivity in excess

of 0.3 parts-per-million [38]. Mid-IR Si-based PICs have also exhibited the ability to

assess CO2 levels using a simple waveguiding system to monitor absorption at λ = 4.2

µm [39]. While less widely discussed, some volatile organic compounds (VOCs) also act

as greenhouse gases and contribute to global warming effects. Acetylene (C2H2) is one

such example, which has already been detected using a Si photonic chip at λ = 2.566 µm

with a sensitivity of 7 parts-per-million [40].

Mid-IR absorption spectroscopy has also found applications in defence, for stand-off de-

tection of chemical, biological and explosive agents. LOC sensing devices may also find

uses in this area, for example as wearables for first responders who may encounter haz-

ardous chemicals when dealing with industrial accidents or terrorist attacks. It has been

reported that the Department of Homeland Security Science and Technology Directorate

in the US are actively pursuing this application. It would entail establishing a system

using ML and AI to collate data from numerous sensors and provide the wearer with ac-

tionable steps [41]. Work on PIC based sensors for trace detection of hazardous gases has

been reported in numerous studies. Typically a sorbent polymer is used to concentrate

the specific analyte on the PIC waveguide, resulting in enhanced interaction with the

evanescent optical field. A change in the detected field intensity is used to confirm the

presence of the targeted substance. For example, Holmstrom et al. used this methodology

to enable spectroscopic sensing of organophosphates, compounds present in nerve agents

[42]. Tyndall et al. implemented a similar technique to detect trace chemical warfare

agent simulants down to sensitivities of parts-per-billion [43].

1.3.2 Medical Applications

LOC devices are also projected to play an important role in the future of healthcare,

due to their potential for low-cost, non-invasive, real-time, online monitoring of medically

important analytes [44]. At present, the only low-cost, spectroscopic sensors available for

medical applications are pulse oximeters, which measure blood-oxygen levels. However,

these devices have proved essential for establishments such as the NHS, particularly over
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the last half-decade where at home use enabled early detection of hypoxia in COVID-

19 patients whilst reducing strain on hospitals [45]. Low-cost spectroscopic solutions for

biosensors and glucose monitoring are currently in development [46], which are expected

to yield similar improvements to healthcare and diagnostics. Such technologies are likely

to benefit significantly from the development of OEICs based on both Si and InP platforms

due to reduced manufacturing costs and device footprints.

While subcutaneous measurements of analytes are typically confined to the near-IR and

visible spectral regions due to transparency windows for blood, melanin and water at ∼

600 - 1200 nm, the mid-IR has become an area of interest for analysis of breath samples.

It has long been appreciated that analysis of breath could be used to diagnose a myriad of

diseases. For example, in Ancient Greece, sweet scents were noted in exhaled breath from

diabetics, and a fish-like odour was observed in individuals who we now understand to

have had kidney disease [47]. The seminal 1971 work of Nobel prize winner Linus Pauling

later tied such aromas to specific gaseous biomarkers, or profiles of VOCs [48].

There are now hundreds of known VOCs exhaled in breath, and copious studies detailing

features of VOC profiles that can be linked to a vast array of diseases. For many VOCs,

including those tentatively linked to different cancers [49]–[51], the biochemical process

behind their production is not yet understood. As such, they are unable to be used

as biomarkers. However, for a small number of VOCs, the mechanism leading to their

formation is well-known, and therefore their concentration can be used to indicate the

presence of disease. This has resulted in a handful of FDA approved breath tests, such

as the “13C urea breath test” which is used to determine the presence of the peptic ulcer

and gastric cancer causing h. pylori bacteria in the stomach.

Moving forward, it is believed that the number of confirmed biomarkers will grow, along

with the ability to detect key signatures of disease from VOC profiles. It has therefore

been postulated that breath tests may be able to provide significant improvements in

healthcare due to a number of key features, including:

1. Readily available samples - Unlike blood or urine samples, breath samples can

be readily obtained in a non-invasive manner and without compromising patient

comfort. As such, testing can be conducted frequently to monitor the effects of

intervention in real-time. This may also improve patient compliance with screening

programs, for example.
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Pathology Biomarker Wavelength (µm)

Diabetes C3H6O† (Acetone) [52] 8.2 [53]
Asthma NO† (Nitric Oxide) [54] 5.26 [55]
Neonatal jaundice CO† (Carbon Monoxide) [56] 4.26 [57]
Breast and lung cancer CH2O (Formaldehyde) [58], [59] 3.59 [60]
Oxidative Stress C2H6 (Ethane), C5H12 (Pentane) [61] 3.4 [62]
Hepatic disorders COS (Carbonyl Sulphide) [63] 4.8 [64]

Table 1.1

2. Monitoring of dynamic conditions - By integrating sensors into ventilator sys-

tems or anaesthesia equipment, it may be possible to monitor conditions with

rapid onset and progression in surgery or ICU settings. For example, during ma-

jor surgery, extensive physiological trauma leads to increased reactive oxygen and

nitrogen species which can overwhelm the body’s antioxidant defences and lead to

oxidative stress. As illustrated in table 1.1, alkanes are a potential biomarker of

oxidative stress. Therefore, continuous monitoring during surgery may enable early

detection before the onset of other symptoms, allowing interventions to be made

promptly and limiting irreversible damage.

3. Reduced reliance on trained staff - With the rapid growth of ML and AI, it is

possible to envisage handheld tests based on OEICs that are able to provide instant

feedback and the associated steps to be taken. This would reduce the burden on

stretched healthcare services.

4. Multi-pathology detection - There are a large number of diseases with potential

exhaled breath biomarkers reported in literature, a selection of which are illustrated

in table 1.1. Those marked with (†) already have FDA approved breath tests, others

have numerous studies linking the specific biomarkers to the pathology. As such, it

may be that this type of test can be utilised for numerous conditions.

1.4 Thesis Outline

The aim of this thesis is to characterise novel mid-IR lasers on Si substrates, focusing

primarily on carrier recombination processes that degrade performance. This can be used

to inform future heterostructure designs, thereby aiding the production of more efficient

and defect tolerant lasers for the applications mentioned above. The thesis is arranged as

follows:
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Chapter 1 - Introduction - Provides motivation for the studies conducted during this

project. Semiconductor materials that are able to cover the mid-IR spectral region are

introduced, before discussing routes for their integration into Si photonics platforms. Key

applications of these technologies are subsequently explored.

Chapter 2 - Fundamental Theory - Presents the basic theory underpinning semicon-

ductor lasers and different carrier recombination pathways.

Chapter 3 - Experimental Techniques - Outlines the experimental set-ups and oper-

ational conditions used when conducting temperature and pressure dependent character-

isation of laser diodes.

Chapter 4 - Bulk Group-IV Bandstructure Modelling - Establishes the bulk band-

structure models and parameters used for modelling group-IV materials. To provide back-

ground, the history of GeSn laser devices is initially explored, before detailing the theory

used to calculate bulk bandstructure in this work. A thorough literature review of param-

eters for elemental and multinary group-IV alloys is conducted, and used to evaluate the

accuracy of the developed models.

Chapter 5 - Performance Limiting Mechanisms in Electrically Injected GeSn

Lasers - Utilises the modelling tools detailed in the previous chapter to analyse first gen-

eration, bulk GeSn lasers. Device performance is probed using high-hydrostatic pressure

at low temperature characterisation, leading to an extensive theoretical study detailing

the effect of indirect valley proximity on the performance of bulk lasers at higher temper-

atures.

Chapter 6 - Recombination Processes in Epitaxially Grown GaInAsSb QW

Lasers on Si - Is a comparative study between GaSb-based lasers grown on native

substrates and on Si, operating at similar wavelengths. The contributing recombination

mechanisms in both sets of devices are explored using temperature and pressure-dependent

measurements of threshold before modelling is used to propose improvements to the het-

erostructure design.

Chapter 7 - Conclusions & Future Work - Summarises the findings of chapters 4 -

6 and presents options for future collaborative work.



Chapter 2

Fundamental Theory

This chapter provides a brief overview of the fundamental principles in semiconductor

laser physics, essential for contextualising the results and analyses presented in this work.

Section 2.1 describes the concepts of electronic bandstructure, how carriers distribute

themselves among these states and how they recombine via optical absorption and emis-

sion. In section 2.2, the mechanisms for achieving and maintaining gain are discussed. The

key design features of the laser double-heterostructure are detailed in section 2.3, showing

how carrier and optical confinement are provided by different layers and how strain can

be leveraged to enhance performance. Section 2.4 outlines the predominant carrier recom-

bination mechanisms that act to increase the threshold carrier density. Primary focus is

placed on defect-related, radiative, Auger-Meitner and leakage processes. Finally, inter-

valence band absorption and free carrier absorption are conceptually outlined in section

2.5.

Further detail on the topics discussed in this chapter can be found in a number of excellent

textbooks [65]–[68].

2.1 Electron Bandstructure and Optical Processes in Semi-

conductors

The formation of electronic bandstructure can be understood by considering the motion

of a free-electron in a periodic potential provided by the crystal lattice. In this model,

the wavefunction of the electron is approximated as a plane wave that is modulated by a

13
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periodic function using Bloch’s theorem [66], [69],

ψnk(r) = eik·runk(r) (2.1)

where r denotes the electron position, k is the wavevector and unk(r) is a Bloch function

that reflects the symmetries of the crystal lattice. Solving the Schrödinger equation leads

to a dispersion relation E(k) with multiple solutions for any given wavevector, k. These

form distinct bands of energies separated by a bandgap, Eg, constituting an energetic

region in which no states can exist. The band situated immediately below the bandgap

is called the valence band (VB). Semiconductors are characterised by a full VB at 0 K,

however their small-to-moderate bandgaps (< 2 eV) allow for electrons to be thermally

excited to the band immediately above the bandgap, known as the conduction band (CB).

The promoted electrons leave behind a positively charged quasi-particle known as a hole.

Both VB holes and CB electrons are able to carry a net current and are collectively

referred to as charge carriers.

Since the crystal potential is anisotropic, the obtained dispersion relation will vary depend-

ing on the k-space direction. Typically, CB minima will occur at high-symmetry points

located at the edge of the Brillouin zone, and at the zone centre. For the zinc-blende

structures of interest in this body of work, band extrema are generally found at the Γ-, L-

and X-points, located at (0,0,0), (πa ,
π
a ,

π
a ), and (πa , 0,0), respectively. In semiconductor

lasers, the band extrema are such that charge carriers will predominantly occupy states

close to the Γ-point since this enables efficient radiative emission. A schematic example

of a typical CB for a zinc-blende crystal is illustrated at the top of Fig. 2.1 in blue.

Band formation can also be explained by considering the hybridisation of atomic orbitals

when atoms are bought close together to form a crystal. Overlapping of nearby orbitals

results in the splitting of discrete atomic energy levels to form the continuous bands of

states. In the tetrahedrally bonded semiconductors of interest in this study, sp3 hybridis-

ation is exhibited [70]. For these materials, the CB states at the Γ-point are formed from

the overlap of anti-bonding s-orbitals. Since s-orbitals are not degenerate, the CB close to

Γ consists of a single band. In contrast, the VB in the vicinity of Γ is a linear combination

of the triply degenerate p-orbitals. As such, three VBs are observed at the zone centre,

denoted the heavy-hole (HH), light-hole (LH) and spin-orbit (SO) bands. The SO band

is named as such since the relativistic spin-orbit interaction lifts the degeneracy of the

band, separating it from the degenerate LH and HH bands by the spin-orbit splitting
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Figure 2.1: Schematic depiction of the band dispersion of a zinc-blende crystal lattice
along the ⟨001⟩ and ⟨111⟩ directions. The CB is highlighted in blue, while the VB is

shown in shades of red.

energy, ∆so. The structure of the VB is depicted at the bottom of Fig. 2.1 in shades of

red. The CB close to the X and L points have mixed s- and p- like character, stemming

from coupling between an excited s state and the p-orbitals [71].

For small k, the conduction and valence bands are often well approximated by a parabola,

E =
ℏ2k2

2m∗ , (2.2)

where m∗ is the effective carrier mass which determines the curvature of the bands. In

general, the effective mass is dependent on the k-direction, and as such, it takes the form

of a tensor. However, if the bands are assumed to be isotropic, the effective mass can take

a single scalar value.

2.1.1 Carrier Distribution

The number of states per unit volume at a given energy is given by the density of states

(DoS), which takes the general form

ρ(E) =
1

V

∫
Rd

ddk

(2π)d
δ (E − E(k)) , (2.3)

where E is the energy, V is the volume, and d denotes the spatial dimensionality of the

system. For bulk semiconductors d = 3, whilst quantum confined materials will take values
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between 0-2 depending on the number of confined dimensions. Under the assumption of

isotropic, parabolic bands, the DoS for a given band in a bulk semiconductor is given by

ρ3D(E) =
1

2π2

(
2m∗

dos

ℏ2

)3/2√
E (2.4)

where m∗
dos is the DoS effective mass, and E denotes the energy above (below) the con-

duction (valence) band extrema.

With knowledge of the DoS, it is important to understand how charge carriers are dis-

tributed between these states. Both electrons and holes posses half-odd-integer spin and

are therefore classified as fermions. Such particles obey the Pauli-exclusion principle,

which states that no two indistinguishable particles may occupy the same quantum state

simultaneously. As such, the energetic distribution of carriers is described by Fermi-Dirac

statistics. In equilibrium, the distribution of electrons is given by the Fermi function

f(E) =
1

1 + exp
(
E−Ef

kBT

) , (2.5)

where kB is the Boltzmann constant, T is the temperature and Ef is the Fermi level,

which describes the energy at which the probability of occupation is 50%. This manifests

as a perfect step function at 0 K, which thermally broadens with increasing temperature.

As a hole is the absence of an electron, the probability of hole occupation is therefore

given by 1− f(E).

Since the number of states in an energy range (E, E+dE) is given by ρ(E)dE, and f(E)

gives the probability of an electron occupying these states, the total number of electrons

within the energy range is f(E)ρ(E)dE. The density of electrons in the CB can therefore

be calculated by integrating over the band as,

n3D =

∫ ∞

Ecb

f(E) ρcb(E)dE. (2.6)

Similarly, the density of holes in the VB is given by

p3D =

∫ Evb

−∞
[1− f(E)] ρvb(E)dE. (2.7)
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In the parabolic band model, utilising Eqn. 2.4 results in simplified expressions of

n3D = NcF1/2

(
Ef − Ecb

kBT

)
, (2.8)

and

p3D = NvF1/2

(
Evb − Ef

kBT

)
, (2.9)

for the electron and hole densities, respectively. Here, Nc,v = 2
(
kBTm∗

dos
2πℏ2

)3/2
is the effec-

tive DoS for the CB and VB [65]. Within the framework of the Boltzmann approximation,

the Fermi-Dirac integral of order 1/2 can be approximated as exp (x). This is only valid

providing Ef is energetically distant from the band of interest, i.e. for low levels of dop-

ing or injection [72]. Otherwise, the full Fermi-Dirac integral must be conducted. This is

defined as

F1/2 (x) =

∫ ∞

0

ε1/2

1 + exp (ε− x)
dε, (2.10)

which must be evaluated numerically.

2.1.2 Optical Processes in Semiconductors

There are three distinct mechanisms by which optical interband transitions can occur

in semiconductor materials. These are absorption, spontaneous emission and stimulated

emission, which are illustrated schematically in Fig. 2.2.

In an interband absorption process, a photon with energy greater than the bandgap is

used to promote an electron from the VB to an unoccupied state in the CB, leaving behind

a hole. The rate of absorption is therefore dependent on the density of unoccupied CB

states, of electrons in the VB and of photons with energy greater than the bandgap. A

semiconductor material will be transparent to photons with energy less than the bandgap

due to energy conservation laws.

Interband spontaneous emission occurs when an electron-hole pair recombine. The pro-

duced photon has an energy equal to the electron and hole state splitting, and is emitted

in a random direction, with a random phase and polarisation. Since the transition is not

mediated by a photon, the rate of spontaneous emission is dependent only on the density

of electrons in the CB and holes in the VB.
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Figure 2.2: Illustration of a) absorption, b) spontaneous emission and c) stimulated
emission processes. Blue and white markers represent electrons and holes, respectively.

Red wavepackets denote photons.

The stimulated emission process requires a photon with energy greater than the bandgap

to perturb an electron in the CB and induce recombination with a VB hole. The emitted

photon again has an energy equal to the difference between the electron and hole energies.

However, in contrast to spontaneous emission, the emitted photon retains the phase,

polarisation and momentum of the incident photon. This amplification of light is the

basis of lasing. The rate of stimulated emission is dependent of the density of photons

with energies greater than the bandgap, and the densities of electrons in the CB and holes

in the VB.

2.2 Fundamentals of Semiconductor Lasers

Lasing occurs when light is coherently amplified by stimulated emission during a round-

trip within a cavity. A semiconductor laser is therefore underpinned by three primary,

fundamental requirements

1. A material that is able to produce stimulated emission and contribute to gain

2. A mechanism for injecting carriers into the gain medium to attain population inver-

sion

3. A cavity that is able to produce optical feedback, which describes the recycling of

stimulated emission within the gain medium
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The roles of each element within the lasing process are explored below.

2.2.1 Gain

A net positive value of gain may only be achieved if the rate of stimulated emission is

greater than the rate of absorption. For this to be attained, the carrier population must

be ‘inverted’, such that a greater number of electrons are occupying CB rather than VB

states. As such, the system must be driven away from equilibrium by means of optical

pumping or electrical injection of carriers. In this body of work the primarily concern is

the latter implementation. In electrically injected devices, a p-n junction is utilised such

that holes from the p-type region and electrons from the n-type region are swept into the

intrinsically doped gain material when a bias is applied.

Under non-equilibrium conditions, the Fermi level given by Eqn. 2.5 is no longer sufficient

for describing the carrier distribution. However, since thermalisation of carriers occurs on

timescales (∼ 10 ps) much shorter than that of interband transitions (∼ 1 ns), the carriers

reach a local equilibrium with their respective bands. Fermi-Dirac statistics may therefore

be applied, but with distinct quasi-Fermi levels describing the electron distributions in

the conduction and VBs. These are given by

fc(Ecb) =
1

1 + exp
(
Ecb−Efc

kBT

) , fv(Evb) =
1

1 + exp
(
Evb−Efv

kBT

) , (2.11)

respectively. Here, Efc and Efv are the quasi-Fermi energies of the CB and VB, and the

hole distribution in the VB can be determined as fh(Evb) = 1− fv(Evb).

The condition for inversion, and therefore net positive gain, is then fc(Ecb) > fv(Evb). By

rearranging Eqns. 2.11, and noting that gain may only be achieved for photon energies,

ℏω, exceeding the bandgap, the Bernard-Duraffourg condition for gain is obtained as [73]

∆Ef > ℏω > Eg, (2.12)

where ∆Ef = Efc−Efv is the quasi-Fermi splitting energy and Eg is the bandgap energy.

Fig. 2.3 a) depicts this condition schematically.

Fig 2.3 b) depicts the gain spectra as a function of increasing injection illustrating the

movement of the peak gain as the carrier density is raised. Photon energies marginally
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Figure 2.3: a) Bandstructure diagram schematically illustrating the Bernard-
Duraffourg condition, where only transitions with energies between ∆Ef and Eg produce
gain. b) Typical gain spectral as a function of increasing carrier quasi-Fermi splitting

(blue to red).

below the bandgap energy are able to contribute to gain as a result of both homogeneous

and inhomogeneous broadening which act to smooth the gain spectra. The transparency

point is the photon energy at which there is net zero gain/absorption for a given injection,

which occurs at ∆Ef . The material is therefore effectively transparent to photons of this

energy since there is no change in field intensity.

From the rate equations described by Fermi’s golden rule, the energy dependent material

gain can be derived as [67]

g(ℏω) =
πq2

nε0m2
0cω

ρ(ℏω) |M |2 [fc(ℏω)− fv(ℏω)] (2.13)

where q is the electron charge, n is the refractive index of the gain media, ε0 is the

permittivity of free space, m0 is the electron rest mass, c is the speed of light in a vacuum,

ρ is the photon density and |M |2 is the interband transition matrix element.

2.2.2 Optical Feedback

For lasing to be sustained, photons must be recycled within a cavity to induce further

stimulated emission. For the ridge lasers of interest in this work, optical feedback is

provided by a Fabry-Pérot (FP) cavity, schematically depicted in Fig. 2.4. Here, photons

are reflected at either end of the device by cleaving along a crystallographic plane parallel
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to the ridge width. The reflectivity is governed by the contrast in refractive indices at the

semiconductor-air interface and can be expressed as

R =

∣∣∣∣n1 − n2
n1 + n2

∣∣∣∣2 . (2.14)

For devices in this body of work (where n1 ∼ 3.5), the reflectivity of an uncoated facet

typically take values around 30%. Since emission is often only required from a single

facet, coatings can be used to independently increase or decrease the facet reflectivities

accordingly.

Figure 2.4: Schematic illustration of a FP cavity.

The cavity will form longitudinal standing waves for light satisfying

m
λ

2
= n1L, (2.15)

resulting in a mode spacing of [74]

∆λ =
λ2

2n1L
. (2.16)

Thus for very short cavities (∼ µm), the modes transmitted by the cavity have an appre-

ciable energetic separation as shown by the blue resonances in Fig. 2.5. The resultant

modal gain spectra, is therefore the convolution of the calculated gain spectra and the

cavity modes. This property can be important for devices with short cavities, such as ver-

tical cavity surface emitting lasers (VCSELs) and photonic crystal surface emitting lasers

(PCSELs), since the mode closest to the gain peak will undergo the largest amplification,

allowing for devices with increased mode selectivity. For the FP-based edge-emitting

lasers discussed in this thesis, cavity lengths are nominally in excess of 1 mm, resulting in
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mode spacings of < 0.2 meV. Thus, the resultant gain spectra is not significantly modified

by the cavity mode spacing, as illustrated by the red line in Fig. 2.5.

Figure 2.5: Schematic depiction of typical gain spectra for devices with micron (blue)
and millimetre (red) cavity lengths. For longer cavities the modal spacing is small, re-

sulting in a smooth gain spectra.

2.2.3 The Threshold Gain Condition

In Eqn. 2.13, it is assumed that photons are only removed from the cavity by means

of interband absorption. In reality there are numerous processes by which this may

happen, including intervalence band absorption (IVBA), free carrier absorption (FCA),

and scattering, which are discussed further in section 2.5. These are difficult to quantify

individually via experimental methods, and are therefore normally grouped as ‘internal

losses’, denoted by αi. Additionally, as shown in the subsequent section, not all of the

optical mode will overlap with the gain producing layers. This means that only a fraction

of photons are available to contribute to gain. As such the material gain is weighted by Γ,

which describes the fraction of the modal energy that is confined to the gain producing

region, giving the so-called modal gain, G = Γg.

For lasing to occur, the modal gain must be equal to the total incurred loss in the system.

This is referred to as the threshold condition, above which amplification becomes self-

sustaining. The condition is derived by considering the change in field intensity incurred

during a round-trip and expressed mathematically as [75]

R1R2e
2L(Γgth−αi) = 1, (2.17)
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such that the material gain required to reach threshold is given by

gth =
1

Γ

[
1

2L
ln

(
1

R1R2

)
+ αi

]
. (2.18)

2.3 Semiconductor Laser Heterostructures

Acknowledging the key requirements for lasing, noted above, the following section dis-

cusses how the modern FP semiconductor laser heterostructure is designed to optimise

performance.

2.3.1 Carrier Confinement

The most fundamental basis of a semiconductor laser is the p-n junction, created by doping

materials with impurity atoms that have either fewer valence electrons (p-type) or greater

valence electrons (n-type). For n-type material, the excess valence electrons (not used in

bonding) are promoted from the defect state into the CB since the donor depth is typically

< kBT . n-type dopants are therefore referred to as ‘donors’, since they donate electrons

that can be used as charge carriers. Similarly, for p-type materials, excess electrons in

the VB are promoted to fill the vacant defect states, thereby increasing the hole density

in the VB. p-type dopants are therefore known as ‘acceptors’, since they accept electrons

Figure 2.6: Diagram illustrating the effect of incorporating a) p-type and b) n-type
dopants into a zinc-blende crystal lattice. Electrons are depicted by blue markers, and
the acceptor and donor levels are given by solid red lines. Dotted grey lines show which

direction the Fermi level would move as a result of the doping.
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Figure 2.7: band edge diagrams for a) a p-n junction and b) a p-i-n junction under
bias. Blue and red gradients are used to depict the spatial concentration of electrons and

holes, respectively.

from the host material. The doping induced alteration to the carrier distribution results

in a downward shift of the Fermi-level for p-type material and an upward shift for n-type

material.

When p- and n- doped material are placed in contact, free electrons from the n-region

diffuse across the interface and recombine with holes in the p-region, leaving behind

negative impurity ions. Similarly, holes diffuse into the n-region, resulting in a layer of

positive ions. The electric field produced between oppositely charged ions inhibits further

charge flow across the so-called depletion region, thereby reaching equilibrium and a

continuous Fermi level is found throughout the structure. This situation is indicated in

Fig. 2.7. When a forward bias is applied, the Coulomb barrier between the p- and n-

regions is reduced and, above a certain turn-on voltage, charge carriers are able to flow

into the depletion region where they can recombine. This is the basic premise of both

LEDs and lasers.

Improvements can be made by placing intrinsically doped gain media between p- and n-

type material, forming a p-i-n structure. The increased free charge carrier density in the

doped layers means that carriers can be swept into the active region by applying a bias to

deposited contact layers. The choice of material for the doped layers stems from the need

to confine the carriers to the active region. By choosing wider bandgap materials than

the intrinsic layer, electrons and holes encounter large potential barriers at the p-type and

n-type layer interfaces, respectively. This prevents carrier escape and therefore greatly



Fundamental Theory 25

enhances the probability of radiative recombination. Fig. 2.7 b) schematically depicts a

p-i-n structure, biased to levels where lasing can be achieved.

2.3.2 Quantum Confinement

The active region discussed in the previous section can be improved upon by utilising

quantum confined structures which provide advantages for laser performance stemming

from enhanced strain incorporation, emission wavelength tuning, and preferable DoS. In

this study, quantum confined devices are in the form of quantum wells (QWs). QWs

are formed when the layer thickness of the smaller bandgap material is reduced to scales

comparable with the de-Broglie wavelength of the charge carriers. Carriers are then

confined by a potential barrier at the layer interfaces. For motion solely in the growth-

direction, z, the allowed energy states are quantised. Recalling the solutions for a particle

in an infinite, 1D square potential well from basic quantum mechanics, the energies are

given by [76]

Ez =
n2zπ

2ℏ2

2m∗L2
z

(2.19)

where nz is the energy level index, m∗ is the effective mass of the particle and Lz is

the layer thickness. As such, the thinner the layer, the larger the energetic shift of the

state away from the bulk band edge. In reality, the potential barrier is finite which acts

to reduce the confinement energy and is calculated using numerical methods. The first

Figure 2.8: a) Illustration of the lowest CB and highest VB states in a quantum well,
with their associated carrier wavefunctions. b) The parabola of sub-band states for the

energy levels in a), arising from non-confined in-plane motion.
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confined state for the CB and VB is illustrated for an arbitrary type-I QW structure in

Fig. 2.8 a).

In contrast, the motion in the x, y plane remains unrestricted and hence, within the

confines of the parabolic, isotropic model, the energy is given by

Ex,y =
ℏ2|kxy|2

2m∗ . (2.20)

The allowed energies are then

E = Ez + Ex,y = Ez +
ℏ2|kxy|2

2m∗ , (2.21)

hence the lowest possible energy is Ez when nz = 1, which occurs for kx,y = 0. For the

same value of nz, higher energy states are then realised for non-zero wavevectors |kxy|.

The result is a parabola raised by an energy Ez from the bulk band edge, this is depicted

in Fig. 2.8 b). For wider wells, there may be multiple confined states, i, each raised by an

energy Ez(nz = i), and each with an associated parabola of extended states. The states

associated with a given nz are therefore said to belong to a ‘sub-band’ [67].

As discussed in section 2.1.1, the bulk DoS is proportional to E1/2. Therefore in bulk

materials, the DoS at the band edge is low. As such, the CB quasi-Fermi level must

penetrate deep into the band, where the number of available electron states is higher, in

Figure 2.9: Schematic comparison between the density of states (black lines) in a) bulk
material and b) a QW. In both cases, the solid red line is the Fermi distribution for a
given penetration into the bulk band edge, while the blue shaded regions represent the

resulting electron distributions. Adapted and reproduced from [77].
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order to satisfy the Bernard-Duraffourg condition and reach transparency. This requires

a large carrier density and results in highly broadened emission spectra.

For QW structures, it can be shown that the 2D DoS for a single sub-band is given by

ρqw(E) =
m∗

||

πℏ2
(2.22)

dependent only on the effective mass, m∗
||. If there are multiple confined states, the total

DoS at an energy, E, is the total sum of the DoS for all states below that energy, written

as [68]

ρtotalqw (E) = ρqw(E)

n∑
i=0

Θ(E − Ei), (2.23)

where Θ is the Heaviside step function. Assuming parabolic bands, this results in steps of

equal height that are not evenly spaced in energy, as shown in 2.9 b). The 3D DoS can be

obtained as ρqw,3D = ρtotalqw /Lz which converges to the bulk case for large thicknesses. In

the quantum well, states are therefore available at the sub-band edge. Thus, for a given

level of inversion, it can be seen in Fig. 2.9 that a greater proportion of carriers fill states

at the sub-band edge and can therefore contribute to gain.

Since Ez ∝ 1/m∗, the sub-bands for the LH and HH bands are no longer degenerate

in a quantum confined structure. This degeneracy lifting further reduces the DoS in

the vicinity of the VB edge. These two effects combine to result in heightened internal

quantum efficiency, and lower transparency and threshold carrier densities when compared

to bulk devices.

2.3.3 Optical Confinement

To minimise the threshold gain, it is essential to maximise the overlap of the optical field

with the gain-producing region, as shown in Eqn. 2.18. Optical confinement in the vertical

direction is achieved by utilising the properties of index guiding. Here, the field is confined

via total internal reflection which occurs at the boundary between a high refractive index

region, known as the core, and lower index surrounding layers. Fortuitously, the refractive

index of a material scales inversely with bandgap, meaning that both carrier and optical

confinement can be achieved by sandwiching low bandgap material with higher bandgap

material.
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Typically, the core of the waveguiding region is designed to be ∼ µm, such that it is a

similar to the emission wavelength. However, the QWs need to be ∼ 10 nm or below to

capitalise on the effects of quantum confinement. As such, the optical confinement factor

for a single QW is low. To enhance this, multiple QWs are often utilised in the active

region. These are surrounded by thick layers of higher bandgap material referred to as

separate confinement heterostructure (SCH) layers, which serve a dual purpose, providing

both carrier and optical confinement. These layers form the core of the waveguide, and

are intrinsically doped to avoid large free carrier absorption losses. The refractive index

contrast is provided between the SCH and larger bandgap layers known as cladding, which

are heavily doped such that the aforementioned p-i-n junction is formed. The effect of

this double heterostructure design on carrier and optical confinement is illustrated in Fig.

2.10 a) and b), respectively.

To reduce the number of lateral modes and reduce the overall device threshold current,

the mode should also be confined laterally. In the FP lasers discussed in this study, lateral

confinement is most commonly attained through the use of stripe contacts or by processing

ridge waveguide structures. By narrowing the stripe width of the top contact, the lateral

width in which there is sufficient carrier density to lase is reduced. The optical mode is

then referred to as being gain-guided, reflecting that the largest gain is experienced in

the central region where the carrier density is highest, rather than the tails. A secondary

effect occurs as a result of minor current-induced changes to the refractive index, which

also provides a weak guiding effect.

Figure 2.10: a) Illustration of electron (blue) and hole (red) confinement in a typical
QW double heterostructure laser. b) Optical confinement (green) provided by the same
structure as a result of high index contrast between the active region/SCH and the

cladding.
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Stronger lateral confinement is achieved when using a ridge waveguide structure. Here,

a mask is used to define a narrow ridge, typically ∼ 10 µm, before etching through the

structure. In the laterally injected devices studied here, the material is etched through to

the lower cladding layer. This injection scheme is often adopted in lasers grown on Si as

it allows carriers to bypass the highly defective buffer layers. The ridge itself is then often

coated in a low index material such as SiO2 to provide electrical isolation and enhance

the lateral mode confinement.

2.3.4 Strained Layers

Strain is introduced when a thin epilayer is grown on top of a thick, bulk-like material

with a different lattice constant. The thin layer deforms and adopts the in-plane lattice

constant of the underlying material. In doing so, elastic strain energy builds and beyond

a certain critical thickness it becomes energetically preferable for dislocations to form,

allowing the layer to relax back to its natural lattice constant. Such defects can act

as carrier traps or scattering centres, therefore hindering the performance of bulk lasers.

However, the typical dimensions of QWs allow moderate strains of ∼ 1 - 2% to be realised

without introducing dislocations. The bandstructure of semiconductors are closely tied

to their lattice spacing, and as such, it was postulated that growing purposely strained

Figure 2.11: The strain induced in epilayers of material with a lattice constant that
is a) larger than the substrate (compressive strain), b) lattice matched to the substrate

(unstrained) and c) smaller than the substrate (tensile strain).
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layers may produce changes that would be advantageous for QW-based laser performance

[78], [79].

Epitaxial growth of semiconductor layers with different lattice constants results in biaxial

strain. Here, the epilayer adopts the in-plane lattice constant of the bulk-like substrate

layer, whilst the out-of-plane lattice constant deforms conversely to compensate this effect,

resulting in tetragonal distortion. In the case of biaxial tensile strain, the natural lattice

constant of the epilayer is less than that of the substrate. As such, it is stretched in-plane

and compressed in the growth direction. In contrast, if the natural lattice constant of

the epilayer is greater than that of the substrate, the material is compressed in-plane and

stretched along the growth direction. This is known as a compressive strain.

The in-plane biaxial strain is calculated as

ε|| =
as − ae
as

(2.24)

where ae is the natural lattice constant of the epilayer and as is that of the substrate

layer. It should be noted that the ordering in the numerator is arbitrary. Here, tensile

strains take positive values and compressive strains are negative. This convention is used

throughout the entirety of the thesis. The out-of-plane strain is related to the in-plane

strain through the Poisson ratio, ν, as

ε⊥ = −2νε|| = −2C12

C11
ε|| (2.25)

where C12 and C11 are the elastic constants.

A general stress can be separated into a hydrostatic and a shear component [82]. The

hydrostatic strain results in a change in the lattice volume, whilst preserving the crystal

symmetries. In the case of a compressive strain, the lattice constant is reduced in-plane

resulting in a stronger interaction perturbation, thereby increasing the material bandgap.

Conversely, a tensile strain decreases the bandgap.

A shear stress acts to break the cubic crystal symmetry, in this case through a uniaxial

strain in the growth direction which produces tetragonal symmetry. This results in degen-

eracy lifting between the LH and HH bands at the zone centre. Under compressive strain,

the HH band energy increases while the light-hole LH band energy decreases. In contrast,

tensile strain elevates the LH band energy and lowers the HH band energy. In addition,
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Figure 2.12: Illustration of the effect of biaxial strain on the bandstructure of a bulk
zinc-blende semiconductor. b) shows the standard, unstrained bandstructure, whilst
a) and c) highlight the effects of compressive and tensile strain respectively. Under
compressive strain the bandgap is increased and the highest VB has a light in-plane

mass. For tensile strained epilayers, the opposite is true. Adapted from [80], [81].

the shear stress introduces strong anisotropy to the VB dispersion such that the in-plane

and out-of-plane effective masses are no longer equal. It is useful to note that the name

assigned to the upper-most band in a strained semiconductor is a matter of preference.

In this work the naming convention where bands are referred to by their growth direction

character is adopted, since this is the component used when contemplating confinement

effects. As such, for a compressive strain, the upper-most VB is termed the HH band, but

exhibits a light in-plane mass. These effects are schematically illustrated in Fig. 2.12.

The latter effect is particularly important for improving device performance. Since the

heavy hole effective mass is ∼ 5× greater than the effective electron mass, the change

in the VB quasi-Fermi level with injection will be far less than the CB quasi-Fermi level.

Typically, at transparency, the VB quasi-Fermi level is situated just above the VB edge.

Thus, large carrier densities are required to force the CB quasi-Fermi level far enough

into the CB to reach the transparency condition, Efc − Efv > Eg. The introduction of

compressive strain removes the VB degeneracy and decreases the in-plane effective mass

of the highest band. As such, the DoS is significantly reduced, allowing the transparency

condition to be met at lower carrier densities. In turn, this reduces the current associated

with loss processes such as Auger-Meitner and radiative recombination that raise the

overall threshold current of the device. This will be discussed in the ensuing section.
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Figure 2.13: Depiction of the impact of biaxial strain on the distribution of holes
amongst the p-orbitals. Larger orbital lobes constitute higher carrier occupation. In b)
unstrained, bulk material, holes are distributed equally between the three p orbitals. In
a) biaxially strained epilayers, holes are split equally between px and py, resulting in
TE emission along the cavity direction, x. For c) tensile strained epilayers, holes are
predominantly concentrated in pz such that emission along the cavity is primarily TM.

The degeneracy lifting also acts to change the orbital characteristic of the states at the top

of the VB, which proves beneficial for increasing gain. The HH band character is 1/2 px

and 1/2 py, whereas the LH band is 2/3 pz, 1/6 px and 1/6 py [83]. Radiative transitions

between s and p-like states produce photons that are polarised along the direction of the

p-like orbital. As such, a transition to a state with py symmetry will produce a y-polarised

photon that may propagate in either x or z. Photons produced in this manner that travel

along the cavity length in x are TE in nature and contribute to the modal gain. In contrast,

transitions to a px-like state will result in x-polarised light that is unable to contribute to

the lasing mode. Thus, in unstrained material, only 1/3 of the holes available at threshold

can produce useful gain.

In compressively strained materials, the HH band is raised to higher energies. As a result,

a majority of the holes at threshold will occupy the px and py orbitals in equal measure

[84]. The fraction of holes able to contribute to TE gain is therefore increased from 1/3 in

unstrained material to 1/2 in compressively strained layers. Under tensile strain, the LH

band is shifted upwards, and thus a majority of carriers occupy the pz and py orbitals and

can produce photons in the lasing mode. Since 2/3 of holes are in the pz lobe compared
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to only 1/6 in py-states, the majority of emission is into the TM mode. These processes

are outlined schematically for compressive, unstrained and tensile material in Fig. 2.13

a), b) and c), respectively.

2.4 Carrier Recombination Mechanisms

As discussed previously, a certain transparency carrier density is required to satisfy the

Bernard-Duraffourg condition. This is purely dependent on the bandstructure of the

device. To achieve lasing, the carrier density must be raised further above the transparency

value such that the modal gain is greater than the total incurred optical losses. To

maintain this carrier density, a certain current must be provided to compensate for the rate

at which carriers are lost from the Γ-valley of the active region. The minimum value above

which lasing becomes sustained is known as the threshold current. Assuming Boltzmann

conditions and charge neutrality (p = n), the threshold current may be expressed using a

simple power law known as the ABC model, given by [85]

Ith = eV (An+Bn2 + Cn3) + Ileak. (2.26)

Here e is the electron charge, V is the active region volume, andA,B, and C are coefficients

associated with the rate of defect-related, radiative and Auger-Meitner recombination,

respectively. Ileak pertains to carriers that do no recombine within the active region, for

example due to inefficient carrier injection or leakage of carriers into different layers of

the heterostructure. The term also accounts for carriers leaking from the direct-valley

to indirect valleys such as L or X, where they can no longer radiatively recombine and

contribute to gain. Each mechanism is discussed more extensively in the following section.

To evaluate the performance of semiconductor lasers with varying heterostructure designs,

the threshold current density, Jth, is utilised. This constitutes the required current per

unit area and is written as

Jth =
Ith
w × l

, (2.27)

where w and l are the cavity width and length, respectively.
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2.4.1 Defect-related Recombination

A defect pertains to an imperfection that disrupts the crystal or compositional symmetry

of the lattice. Some common examples include interstitial atoms, vacancies and surface

states. These defects introduce highly spatially localised states at energies within the

bandgap that are consequently delocalised in k-space. As such, these ‘trap’ states are

able to facilitate carrier recombination across the bandgap. This is known as Shockley-

Read-Hall (SRH) recombination, in honour of the scientists who first reported on carrier

recombination statistics for defect mediated transitions in 1952 [86], [87].

Figure 2.14: Illustration of carrier recombination via a trap level. Dashed blue and
red lines illustrate the CB (blue) and VB (red) quasi-Fermi levels above transparency,
showing that the defect state would be filled and subsequently recombine with a hole.
Here, the energy is dissipated through a phonon (green), but photon emission is also

viable.

If the state is located close to the CB edge, there is a high probability that it will be

occupied by an electron. Typically, a hole will then rapidly recombine with the electron

at the defect site, resulting in the emission of a phonon, as illustrated in Fig. 2.14, or

low energy photon. However, it has been shown that trap sites can also assist other

non-radiative processes such as Auger-Meitner recombination [88]. Since the mechanism

nominally describes the recombination of a single carrier via a trap state, the associated

current is described as monomolecular, and rises linearly with carrier density as

Idef = eV An (2.28)
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2.4.2 Radiative Recombination

During radiative recombination, an electron close to the CB minima recombines with a

hole near the VB maxima, as discussed in section 2.1.2. Spontaneous emission is initially

required in order to provide the photons necessary to trigger stimulated emission events.

However, spontaneous recombination produces photons with a broad range of energies

that are emitted in random directions. Consequently, a majority of carriers involved in

spontaneous emission events are effectively wasted, as they produce light which cannot

couple to the lasing mode. These lost carriers therefore contribute to the overall threshold

current of the device. As illustrated in section 2.3.4, the incorporation of strained layers

can act to reduce spontaneous emission into unwanted modes, thereby decreasing the

radiative current.

As radiative recombination is dependent on the availability of both electrons and holes,

the associated current is proportional to both the n and p. In the Boltzmann regime

where n = p, the radiative current is given by

Irad = eV Bn2, (2.29)

where the radiative recombination coefficient B for a single, ideal QW is [89]

B =
e2d

ε0m2
0c

3kBT

nrEg⟨M2
av⟩

(mc +mv)
. (2.30)

Here, e is the electron charge, d is the thickness of the well, nr is the refractive index,

Eg is the bandgap, ⟨M2
av⟩ is the square of the momentum matrix element averaged over

all polarisations, and mc and mv are the electron and hole effective masses, respectively.

All other symbols not explicitly defined herein follow their conventional definitions. It

can be seen that, in this regime, the radiative recombination coefficient is independent of

carrier density. However, under high injection, this approximation no longer holds and

B typically decreases with n. Also, since the threshold carrier density nth increases as

nth ∝ T in an ideal QW, it can be shown that the temperature dependence of the radiative

current is

Irad ∝ T. (2.31)
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2.4.3 Auger-Meitner Recombination

An Auger-Meitner process occurs when the energy of an electron-hole recombination is

imparted to a third carrier, rather than emitting a photon. The carrier subsequently

relaxes by radiating phonons which act to heat the device and deteriorate performance. In

the 2-3 µm spectral region, two different Auger-Meitner processes are typically considered,

known as CHSH and CHCC recombination.

In CHSH Auger-Meitner processes, the energy from a recombining electron-hole pair (CH-

) is imparted to an electron in the SO band which is subsequently promoted to the HH

band (-SH). It should be noted that this may also be referred to as CHHS recombination

in literature, since the excitation of a HH to the SO band (-HS) is effectively equivalent.

During CHCC recombination, the energy is imparted to a CB electron which is promoted

further into the CB (-CC). Since these processes are dependent on three carriers, within

the Boltzmann framework (p = n), it can be shown that the Auger-Meitner current is

IAug = eV Cn3, (2.32)

where the Auger-Meitner coefficient is

C = C0exp

(
− Ea

kBT

)
. (2.33)

In this expression, C0 is a material dependent parameter, and Ea is the activation energy

of the specific Auger-Meitner process. The activation energy mathematically reflects the

requirement for both energy and quasimomentum to be conserved. It is defined as the

total energy difference between the carriers and their respective band edges for the lowest

energy configuration in which the conservation laws can be adhered to. The activation

energy of the CHCC process is given as [90]

Ea (CHCC) =
mcb

mcb +mvb
Eg, (2.34)

where mcb and mvb are the electron and hole effective masses, and Eg is the bandgap.

It is therefore evident that CHCC processes will be particularly deleterious in mid-IR

devices since the bandgap is small. This is experimentally supported by numerous studies

of devices operating between 2 - 3 µm, which are succinctly summarised in [91].
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Since CHSH recombination involves carriers being excited between the SO and HH bands,

separate activation energies exist for material where the bandgap is greater than the SO

split off energy, and vice versa. They are given by [90]

Ea (CHSH) =


mso

2mhh +mcb −mso
(Eg −∆so) , if Eg > ∆so

∆so − Eg, if Eg < ∆so

(2.35)

where mso and mhh are the effective SO and HH masses, and ∆so is the SO split off energy.

A resonance therefore exists for Eg = ∆so since carriers at the zone centre are able to

contribute, resulting in large CHSH currents.

The activation energies discussed above are derived by assuming simple parabolic, isotropic

bands and Boltzmann statistics. For mid-IR devices, smaller bandgaps result in higher

non-parabolicity due to increased CB-VB coupling. Thus, this model is likely to be inac-

curate for such lasers under high injections, however it remains useful for assessing how

the activation energy generally varies with bandgap.

Thus far, the considered Auger-Meitner processes have satisfied quasimomentum and en-

ergy conservation laws as transitions occur in the plane of the QW, or in bulk material.

However, in devices where the transition energy is greater than the barrier height, it is

possible for carriers to be excited to bulk-like continuum states above the barrier. This

is able to occur because the heterobarrier acts as a momentum-nonconserving scattering

Figure 2.15: Typical recombination pathways for the a) CHSH and b) CHCC Auger-
Meitner processes. Electrons are depicted with blue markers, while white markers indi-

cate holes.
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Figure 2.16: CHCC recombination pathways for the a) activated process where quasi-
momentum and energy are conserved due to transitions in the plane and b) thresholdless
processes, where scattering at the QW/barrier interface relaxes quasimomentum conser-
vation laws, allowing vertical ejection of the electron from the active region. Reproduced

and adapted from [95].

site [92]. Here, the lattice symmetries are broken at the interface between the well and

barrier which means, whilst the in-plane quasimomentum remains conserved, the out-of-

plane quasimomentum may change [93]. The ‘hot’ Auger-Meitner carrier may therefore

be ejected vertically from the well. This is referred to as a thresholdless Auger-Meitner

process since an activation energy is no-longer required, and carriers at the zone centre

may contribute. As a result, the thresholdless processes are far less temperature sensitive

than activated Auger-Meitner recombination [94].

The activated and thresholdless processes are illustrated for CHCC recombination in Fig.

2.16 a) and b), respectively. It should be noted that the same may apply for CHSH pro-

cesses, with holes being ejected vertically. The strength of these processes are dependent

on the mismatch between the emission energy and the barrier offsets. Thresholdless pro-

cesses are inherently suppressed for heterostructures in which the barrier offset, ∆Ec,v is

greater than the transition energy, E0. However, if E0 >> ∆Ec,v, a large change in the

growth direction momentum is required. As the Coulomb interaction required to mediate

the transition is low for large momentum transfer, the strength of this process is weak-

ened [96]. Therefore, a resonance exists as the thresholdless Auger-Meitner coefficient is

maximised when ∆Ec,v = E0.
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2.4.4 Carrier Leakage

The loss stemming from carrier leakage can be divided into two separate processes, both

of which act to remove carriers from the Γ-valley of the active material.

The first mechanism involves carriers escaping from the active region into surrounding

heterostructure layers. The carriers are then able to recombine in these layers, thus not

contributing to gain and raising the overall threshold current. This spatial carrier leakage

occurs when the tails of the Fermi distribution extends beyond the barrier energy, resulting

in a fraction of the injected carriers occupying unconfined states above the barrier edge. If

the leakage is dominated by diffusion and subject to Boltzmann statistics, a simple model

can be used to calculate the number of electrons able to contribute to the leakage current.

This is given by [67]

nleak =

∫ ∞

Ecb
bar

fcb(E)ρcb(E) dE = NcF1/2

(
Efc − Ecb

bar

kBT

)
. (2.36)

Here, fcb(E) is the Fermi distribution for a conduction band quasi-Fermi level denoted Efc,

ρcb(E) is the conduction band density of states, and Ecb
bar is the energy of the conduction

band edge in the barrier. Similarly for holes,

pleak =

∫ Evb
bar

∞
fvb(E)ρvb(E) dE = NvF1/2

(
Evb

bar − Efv

kBT

)
. (2.37)

From these equations, it can be seen that the thermal broadening of the Fermi distribu-

tion will increase both nleak and pleak, meaning that leakage will be suppressed at low

temperature, but could be particularly unfavourable at RT. In reality, the total number

of carriers contributing to the leakage current will be lower since a fraction may be recap-

tured by adjacent wells, and others may have trajectories that aren’t conducive to leakage

[97]. The leakage current associated with holes is also generally far lower than electrons,

stemming from low carrier mobility. However, if the VB offset is particularly low, hole

leakage may become appreciable [98].

The second variant involves carriers occupying states in indirect valleys. Since the L and

X valleys have large effective masses and higher degeneracies than the Γ valley, their

associated DoS can be orders of magnitude higher. Thus, in materials with insufficient

energetic separation between Γ and the indirect minima, the fraction of injected carriers



Fundamental Theory 40

Figure 2.17: Schematic of a) spatial carrier leakage, stemming from carriers occupy-
ing states above the barrier edge (red) and b) indirect carrier leakage from the tails of
Fermi-distribution extending into satellite valleys. Three important non-radiative recom-

bination processes that may occur in indirect valleys are highlighted.

that reside in the L or X valleys can be substantial. In effect, this is therefore a depop-

ulation of the Γ-valley, dictated by the Fermi-function and the proximity of the indirect

valleys. For both concision and historical reasons, this is hereafter referred to as indirect

valley leakage [99]. As with the spatial leakage discussed above, this leakage in ‘k-space’ is

exacerbated by increasing temperature, since a greater fraction of the Fermi distribution

overlaps with the indirect states.

Indirect carriers are unable to radiatively recombine in an efficient manner since the tran-

sition must be mediated by a high energy phonon to in order to conserve momentum. This

results in long radiative lifetimes for indirect carriers. For example, in Si, the radiative

lifetime is on the order of tens of milliseconds [100]. In this time it is far more likely for

carriers to recombine via a non-radiative mechanism, for example via a defect, or Auger-

Meitner processes involving the indirect valleys [101]. The latter results in increased device

temperatures since phonons are produced when the hot carrier relaxes, leading to further

indirect-valley population in a thermal runaway effect. Alternatively, the carriers may act

as a source of optical loss through FCA. A similar negative feedback loop is found here

as the optical loss means larger carrier densities are required to reach threshold, thereby

increasing the lattice temperature and raising the indirect valley population further [102].
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2.5 Internal Losses

Free carrier absorption (FCA) and intervalence band absorption (IVBA) are the two main

optical loss mechanisms in semiconductor lasers, aside from mirror losses. These losses

are detrimental to device performance as it necessitates a larger carrier density to attain

net modal gain. In turn, this heightens non-radiative processes and increases Jth.

2.5.1 Free Carrier Absorption

FCA involves the absorption of a lasing mode photon by an electron in the CB or a hole

in the valence band VB, resulting in an intraband transition. The latter is a special case

of FCA known as intervalence band absorption and will be discussed in more detail in

the following section. Since photons transfer negligible momentum, the carrier is excited

vertically in k-space and thus, for electrons in the CB, FCA must be mediated by a phonon.

Absorption is therefore stronger in longer wavelength devices, scaling roughly with ∼ λ2

[103], so is a particularly important consideration in mid-IR devices.

This process is inherently dependent on the density of available free carriers and is there-

fore particularly detrimental in highly doped layers. As such, it is vital that the waveg-

uiding region of the heterostructure is designed to minimise the overlap between the tails

of the optical mode and the cladding material. Additionally, as mentioned previously, ma-

terials with low levels of directness can also provide a large concentration of free carriers

due to long radiative recombination lifetimes. If such materials exist in the proximity of

the active region there will also be a large photon density which could exacerbate FCA

losses.

2.5.2 Intervalence Band Absorption

In IVBA, electrons occupying lower valence band states can absorb photons resulting in

transitions between the SO-HH, SO-LH and LH-HH bands. Since the VB consists of

three distinct bands, transitions between states of the same k-vector are possible, and

phonon mediation is not a necessity. Since the VB quasi-Fermi energy does not typically

penetrate into the VB, only states near the band edge are populated by holes. Therefore,

intervalence band transitions are heightened when the emission energy is close to resonance

with the energy separation at Γ, since carriers in the vicinity of k=0 can contribute.
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In mid-IR devices, the bandgap can be similar to the SO splitting energy, resulting in a

large SO-HH IVBA contribution. ∆so is therefore a key consideration when designing the

active region material. As the wavelength increases further, LH-HH transitions become

increasingly detrimental. Since the hole density in the LH band is significantly lower

than the HH band for unstrained and compressively strained materials, IVBA from LH-

SO transitions is typically weakest. Methods for calculating IVBA theoretically were

outlined in [104] and are reproduced in chapter 5 for completeness.

2.6 Summary

This chapter detailed the fundamental theory of semiconductor lasers required to follow

the material in the thesis. Firstly, the concept of electronic bandstructure was introduced,

focusing specifically on tetrahedrally bonded, zinc-blende crystal lattices. The DoS and

the notion of a Fermi-level were discussed, leading to an understanding of carrier concen-

trations and equations for calculating the carrier density in bulk materials. The three

primary optical processes occurring in semiconductor materials were briefly outlined, be-

fore the three fundamental requirements for producing lasing were detailed. Subsequently,

the typical heterostructure design for a double-heterostructure laser was discussed, noting

how each layer is chosen to optimise both carrier and optical mode confinement. The final

section pertains to how carriers recombine across the bandgap and optical loss processes

which may hinder device performance, paying particular attention to defect, radiative,

Auger-Meitner and leakage effects.

Additional theoretical concepts, expanding upon those discussed in this chapter, are in-

cluded in subsequent chapters and appendices, where required.



Chapter 3

Experimental Techniques

3.1 General Set-up

All electroluminescence-based experimental studies conducted in this body of work utilise

the same underlying set-up, illustrated in Fig. 3.1. The measurements typically involve

varying the injected current and recording an aspect of the emitted light, for example, the

total light emitted from a single facet or an emission spectra.

Devices are mounted and contacted as per the requirements of the specific technique (to be

discussed below), before being biased using square-voltage pulses. Internal self-heating can

obfuscate trends in the experimental data and complicate interpretation. Consequently,

lasers were always operated in pulsed mode, allowing the device temperature to stabilise

to that of the heat sink between consecutive pulses. In this vein, a key metric to be

considered is the duty cycle,

D =
w

T
= wf, (3.1)

which specifies the fraction of time for which the device is biased. Here, w is the width of

the pulse, T is the time elapsed between pulses and f is the pulse frequency. This value

should be optimised to reduce internal heating whilst ensuring sufficient output power

can be obtained. Nominally, 500 ns or 1 µs pulse widths were supplied at 1-10 kHz during

this work, resulting in duty cycles of between 0.05 - 1 % which have proven adequate

in previous measurements [105]. The choice of pulse generator was determined by the

current required to reach threshold in the given device. The GaSb-based QWs (chapter 6)

had thresholds below 2 A. For these devices, an AVTECH AV-1011A-C was used, capable

of driving currents of 2 A with up to 100 V. The current requirements were significantly

43
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higher for the bulk GeSn devices (chapter 5), and therefore an AVTECH AVRZ-5W-B

unit was employed, capable of driving 10 A with up to 500 V. Current through the device

was monitored using a current probe (BNC6040+202H), connected to a Tektronix TDS

3012 two-channel oscilloscope that was triggered by the TTL output of the respective

pulse generator. Since the impedance of a laser diode under forward bias is typically 2-3

Ω, a 47 Ω resistor is connected in series for impedance matching to the standard 50 Ω

BNC and mains cables.

Figure 3.1: Schematic of the core elements utilised in electroluminescence measure-
ments. Connections from the pulse generator to the lock-in amplifier and oscilloscope

are shown in gold. Blue lines represent GPIB connections.

When measuring the light output from a single facet as a function of current, emission was

focused onto a detector using calcium fluoride (CaF2) lenses, since standard glass is highly

absorbing in the mid-IR, as illustrated in Fig. 3.2. For measurements of spontaneous

emission from GaSb-based QWs in chapter 6, light was coupled from the Si substrate

into a Thorlabs FG105LCA low hydroxyl ion, multi-mode fiber and onto the detector.

This specific model was utilised as it extended the wavelength range to 400-2400 nm,

ensuring high transmission for these devices. The detector utilised for these measurements

was an InfraRed Associates IS-2.0 liquid nitrogen cooled InSb detector. Signal from

the detector was amplified using a Signal Recovery 7265 DSP lock-in amplifier. It does

so by comparing the triggering signal from the pulse generator to the output of the

detector. Any signals arriving at the triggering frequency will be amplified, whilst other

signals are attenuated, enabling significantly improved signal-to-noise ratios. GPIB cables

from the lock-in amplifier and pulse generator were connected to the oscilloscope, and a
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Figure 3.2: Transmission spectra for 10mm of UV fused silica (red), CaF2, and N-BK7
glass. Raw data available through Thorlabs [106]–[108]

National Instruments GPIB-USB-HS was used to connect the hardware to a computer

via standard USB. Device control and acquisition automation was then achieved using

LabView programs developed internally by Dr Igor Marko.

Spectral measurements of the facet emission described in chapter 6 were conducted using

an OceanOptics NIRQuest 512-2.5 with a detection range of 900 - 2500 nm and spectral

resolution of 6.3 nm. Here, emission was focused by a CaF2 lens into an OceanOptics bi-

furcated optical fiber, with one output connected to the spectrometer and the other placed

in front of the InSb detector such that measurements could be conducted simultaneously.

3.2 Temperature Dependent Measurements

Analysis of the dominant recombination mechanisms is typically achieved by assessing

how certain performance metrics change as the bandstructure is varied. As discussed in

chapter 2, the bandstructure is intrinsically linked to the lattice-spacing and may therefore

be altered by changing the device temperature. In this work, two different cryostats are

utilised, enabling measurements to be performed at either low or high-temperatures.

The first is a Leybold closed cycle helium cryostat, depicted in Fig. 3.3, capable of

achieving temperatures between 20 - 300 K. During these measurements, bar devices

were mounted to a clip developed by Professor Stephen Sweeney, illustrated in Fig. 3.4.

The mount is formed of a copper base plate separated from a copper clip by an insulating

spacer, and serves to secure the position of the laser device whilst also providing electrical

contact. The clip segment has a small hole in the end such that a microscope can be used
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to align to the p-contact of the device. A 10 µm thick wire is threaded through the hole

and along the underside of the clip to make contact. For devices with a bottom contact,

the copper base plate then acts as the n-contact. The devices measured in this work are

all top contacted (laterally injected) to avoid losses in defective buffer layers. As such,

the circuit is completed by placing silver conductive paint between the bottom plate and

an n-contact on the laser bar. For measurements of the spontaneous emission, a hole is

made in the base-plate, into which an optical fibre can be inserted and glued in place.

The laser clip is mounted at the end of a cold finger which is situated in vacuum so

to prevent condensation and provide thermal isolation. The cold-finger is cooled using

a Coolpak 2000 compressor which pressurises He gas into its liquid state and pumps it

into the cold head. At this point, the He is allowed to expand which enables heat to be

extracted from the cold finger, which is in thermal contact with the device. The He is then

returned to the compressor where excess heat is transferred to an external water-cooling

loop before it is re-compressed.

In the case of good vacuum, at pressures of 10−5 - 10−6 mbar, temperatures as low as

20 K can be attained. To access temperatures between 20 K and RT, the cooling is

countered using a coil of nichrome wire situated at the end of the cold finger which acts

as a heater. The temperature is then monitored using a thermistor placed at the base of

Figure 3.3: Diagram of the Leybold closed cycle He cryostat. In this depiction, the
clip mount is illustrated, however alternative fixtures can be fitted for measuring devices

on TO headers.
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Figure 3.4: Illustration of the clip mount. To attain a complete circuit, positive and
negative wires are connected to screws on the clip and copper plate, respectively.

the clip which is connected, along with the heater, to an Oxford Instruments ITC 502S

temperature controller.

For devices pre-mounted on TO headers, or for those requiring measurements above RT,

an Oxford Instruments Optistat DN2 gas exchange cryostat was employed. Here, an

outer and inner chamber are separated by a liquid nitrogen (LN2) reservoir. The sample

is mounted to an arm and inserted into the inner chamber, which is evacuated to ensure

no condensation occurs, since this may affect facet reflectivity and alter the device per-

formance. Dry He gas is then pumped into the inner chamber to provide thermal contact

with the laser, and the reservoir is supplied with liquid nitrogen. The two then interact at

the heat exchanger which removes heat from the device, enabling temperatures to reach

that of the LN2 at 77 K. The outer chamber is evacuated to ensure the inner chamber

and nitrogen reservoir are thermally isolated from the environment. As per the closed-

cycle cryostat, the cooling is countered using a heater coil, enabling temperatures of up

to 450 K to be attained. This convection based temperature control is often preferable

as it promotes more uniform temperature distributions and faster heat dissipation when

compared to conduction-based systems.

In all temperature-dependent measurements conducted in this body of work, a 20 minute

wait was implemented subsequent to each temperature step to ensure that the device has

reached equilibrium with the surrounding environment.



Experimental Techniques 48

Figure 3.5: Schematic of the Oxford Instruments Optistat DN2 gas exchange cryostat,
adapted and reproduced with permission from [95].

3.3 High Hydrostatic Pressure Measurements

The application of hydrostatic pressure to a semiconductor material can provide rich infor-

mation about underlying physical processes. For example, this technique has previously

been used to explore phase transitions, defects and impurities, lattice dynamics, and assess

the performance of emitters and detectors [109]. The key merits of the method stem from

the ability to tune the bandgap of the material, without altering the thermal distribution

of carriers, as per temperature-dependent techniques. Under hydrostatic pressure the lat-

tice constant is reduced equally and reversibly along all three axes. The resulting change

in bandgap with pressure at the Γ-, X- and L-points, known as the pressure coefficients,

are described by William Paul’s empirical rule, which states [110]:

” Independent of the family member studied, the pressure coefficient of the
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direct energy gap at Γ falls in the range 10-15 meV/kbar, that of the indirect

gap at L near 5 meV/kbar, and that of the indirect gap at X between - 1 and

-2 meV/kbar.”

This holds true for both III-V and group-IV materials. Since the pressure coefficients take

nominally similar values across a wide range of materials, the bandgap can be engineered

without altering key heterostructure features, such as band offsets. Minor variation in the

compressibility of different layers will generally result in changes to the in-plane strains

with increasing pressure. This is typically ignored since the compressibility is similar

for III-V materials, resulting in shifts in strain on the order of 0.01% over 10 kbar [95].

However, marked material differences between III-V alloys and group IV materials mean

that this effect should be considered explicitly when studying III-V devices on Si.

The technique also allows the band ordering to be tuned from direct to indirect, and

vice versa, which can give valuable information about the bandstructure in more novel

materials and devices such as GeSn. Since the effect of alloying and pressure on the CB

minima are similar, the performance of different alloys can be probed without the need to

grow numerous structures of varying compositions, thus reducing potential complications

the observed trends arising from differences in doping, heterostructure quality etc. Such

comparisons are made in chapter 5.

3.3.1 Method

High hydrostatic pressure is applied using a Unipress U11 helium gas pressure system

connected to a Unipress gas optical cell housing the device. The cell consists of a mono-

block of copper-beryllium (CuBe) alloy which is cylindrically hollowed. This allows a

multitude of CuBe plugs to be inserted for various applications. In this work, facet

emission is collected through an optical plug with a sapphire window, providing > 80%

transmission for wavelengths between 400-5000 nm. Devices are mounted to a similar

plug fitted with a sample holder and electrical feed-through. For bar devices, samples are

mounted using the clip design discussed in section 3.2. A specific mount is also available

for TO headers which requires the pins to be bent through 90◦; this is the plug most

frequently utilised in this work.

The U11 system consists of three hydraulic stages connected to a He gas cylinder and is

schematically illustrated in Fig. 3.7. The device is placed under pressure by compressing
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Figure 3.6: Cross-section schematic of the pressure cell. Here, the cell is fitted with
plugs containing the clip mount and a sapphire window. These can be swapped out for

a number of alternatives depending on the application.

a fixed quantity of gas into a smaller total volume. He gas acts as an excellent medium

for this purpose since its refractive index is almost exactly 1 in the mid-infrared, whilst

also boasting a thermal conductivity 5× greater than air.

During set up, the stages and lines are filled with He, up to a pressure of 0.12 kbar before

the input valve is closed to ensure a fixed volume of gas. Hydraulic oil is introduced

beneath the arm to lift the piston in the first stage. This forces gas from the first stage

into the lines and chambers of the second and third stages. At this point, the valve to the

first stage is closed, and the hydraulic oil is drained from the first chamber. This enables

the pressure on the hydraulic pump oil to remain below its quoted maximum of 0.7 kbar

when further increasing pressure on the device using the second and third stages. The

procedure is repeated for the second and third stages, attaining 3.5 kbar and ∼9 kbar,

respectively, whilst measurements are taken at intermediate pressures. While 15 kbar is

the quoted maximum from the manufacturer, due to the high pressures involved, actual

performance is limited by leakages which can occur from the CuBe cell plugs and/or the

stages as a result of small scratches or debris. As such, great care must be taken when

cleaning the cell and third stage prior to measurement. Upon reaching the maximum

required pressure, the cell is slowly returned to atmosphere by opening the valves in the

reverse order. Measurements are taken at multiple points during this process to ensure

that recorded threshold values are repeatable and the device was not damaged or degraded.
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Figure 3.7: Depiction of the Unipress U11 three-stage He compression system. He is
represented in blue, whilst hydraulic oil is shown in red. Bowtie symbols schematically

illustrate the positions of valves.

3.3.2 Low-Temperature, High Pressure Measurements

For some more novel devices, cryogenic temperatures are required to attain lasing. In

this instance, determination of dominant recombination mechanisms is even more vital to

inform new heterostructure design and growth. Additionally, thermally activated Auger-

Meitner and leakage processes can be reduced or even suppressed at low temperature

such that information about other recombination pathways can be obtained. As such,

performing high pressure measurements at low temperature is highly desirable.

In this work, this is achieved by placing the CuBe cell inside a bespoke cryostat set-up,

built upon a Leybold Coolpower 140 T cold head. The apparatus is displayed schemati-

cally in Fig. 3.8. Here, the cold head operation is as described for the Leybold closed cycle

helium cryostat in the previous section. The CuBe cell is clamped into a brass mount

at the end of the cold finger to provide thermal contact. The unit is evacuated and an

Oxford Instruments ITC 502S temperature controller is used to monitor the temperature.
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It should be noted that the temperature must be set prior to application of pressure, since

changing the temperature of the He gas in the cell will alter the volume and therefore

the applied pressure. Due to the vast size of the unit, it is difficult to achieve high levels

of vacuum. As such, the minimum achievable temperature currently sits at ∼ 60 K, but

could potentially be improved with a more powerful pump and new seals.

Figure 3.8: Schematic diagram of the bespoke cryostat used from low-temperature,
pressure dependent device characterisation.

3.4 Light-Current Curves

Many of the measurements discussed in this body of work focus on collecting light as a

function of increasing current under a variety of conditions. This is known as a light-

current (LI) measurement. In this work, light is collected from a single facet or directly

through the Si substrate, as illustrated in Fig. 3.9 a). The corresponding LI curves for

facet emission and emission through the substrate are illustrated in Fig. 3.9 b).
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For facet emission, a typical LI curve has a low-gradient region where there are small

increases in light output with current stemming from heightened spontaneous emission

(SE). Above a critical threshold current density, the light output increases rapidly owing

to the onset of lasing. From this data, there are two key parameters to extract, these are

the external differential efficiency above threshold, ηd ∝ dL/dI, and the threshold current

density Jth. There are typically four methods that are readily utilised for determining

threshold from an LI curve [111]. In this work, straight lines are fitted through the

spontaneous emission and stimulated emission segments respectively, using a least-squares

fitting approach. The point at which these lines intersect is taken to be threshold. This

is schematically by dotted lines in Fig. 3.9 b).

For SE measurements, light is collected through the substrate of the material. Since Si

is highly transparent between 2-3 µm and all devices investigated are laterally contacted,

emission can be collected with no further processing required. By collecting light along

the growth direction, it cannot undergo any appreciable levels of gain or loss due to thin

(∼ 10 nm) wells, and wider bandgap cladding and buffer layers [85]. As such, only SE

should be collected. SE transitions between the CB and HH states produce light polarised

in the x-y plane which propagates in the growth direction. However, CB-LH transitions

are predominantly z-polarised and propagate in the plane, hence if these transitions are

Figure 3.9: a) Schematic of collection geometry for facet (red) and substrate emission
(blue). Adapted and reproduced with permission from [95]. b) Normalised LI curves for
emission from the substrate (SE) and facet (lasing), illustrating the changes in behaviour
above and below threshold, Jth. The intersection of pink and green dotted lines show

how threshold is determined.
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prevalent the total SE may be underestimated [80]. For the compressively strained active

layers in these studies, LH states are energetically remote and are therefore not expected

to contribute significantly to the total SE.

The LI curve of a SE measurement initially rises with current due to increased SE, as

depicted in Fig. b). In a real device, the portion of the graph below threshold may be

curved, which can give important information about the dominant current path. Above

threshold, in an ideal device, the light output pins. This reflects that any further carriers

injected into the device recombine rapidly via stimulated emission, which pins the carrier

concentration and therefore the SE [112].



Chapter 4

Bulk Group-IV Bandstructure

Modelling

4.1 Introduction

A laser capable of leveraging current complimentary metal-oxide-semiconductor (CMOS)

technologies is considered the ‘holy grail’ for Si-based photonic and optoelectronic inte-

grated circuits (PICs & OEICS). Whilst hybrid integration of III-V lasers on Si has proved

successful [113], [114], this process suffers from limited component integration densities

and high cost stemming from the use of more expensive native substrates [115]. Epitaxial

growth on CMOS compatible substrates, known as monolithic growth, is therefore prefer-

able. However, III-Vs grown directly on group IVs suffer from high-defect densities due

to lattice, thermal-expansion and polarity mismatches, which greatly hinder performance

[116]. Thus, a true direct-gap group-IV light source remains highly desirable. Such a de-

vice promises to decrease the effective footprint and cost associated with PICs by utilising

highly mature facilities and processes afforded by current electronics foundries [117].

From a fabrication standpoint, the most ideal light source would be a Si laser, since it

would offer seamless integration into current Si PIC and OEIC processes. However, due to

its indirect bandgap, Si is an inherently poor emitter. From the bandstructure illustrated

in Fig. 4.1, it can be seen that conduction band (CB) minima is located 0.85 2π
a along the

∆ direction, close to the X-point, and is around 3 eV below the CB edge at the Γ-point.

Since carriers will primarily occupy these indirect states, radiative transitions must be

assisted by phonons in order to conserve momentum. The requirement for a third particle
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to mediate the transition increases the radiative lifetime to the point where non-radiative

recombination pathways become preferable.

Figure 4.1: The bandstructure of Si calculated using an EPM, available on nanoHUB
[118].

Ge is another material widely utilised in CMOS foundaries, and has a bandstructure

which is better suited to emission when compared to Si. The bandstructure of Ge is

illustrated in Fig. 4.2 a), showing that the material is indirect, with a CB minima at the

L-point. However, the energetic splitting between the L- and Γ-valley minima, known as

the directness, is only 136 meV [119]. As such, it is easier to populate the direct valley

and induce radiative transitions.

The next heaviest group IV element is Sn, which can be found in two crystalline phases,

α and β. In this study α-Sn is the phase of interest since it shares the same diamond

crystal structure of Si and Ge. Fig. 4.2 b), shows that this is a zero gap material. In

α-Sn, the LH band and CB are inverted, such that the HH and CB are degenerate at the

Γ-point and a bandgap opens between the HH and LH bands. This occurs as, unlike Si

and Ge, the CB is formed from p-like orbitals, and the LH band from s-orbitals [120].

It can be seen that the group-IV materials span from very wide gap through to semi-

metallic, which suggests the possibility of large-scale bandgap tunability through alloying.

Due to its minimally indirect bandgap, strain engineering of Ge is also an attractive route

for achieving a truly direct gap group-IV laser; this formed much of the early work on

direct-gap group IV lasers. In the last decade there has been intense interest in alloying Ge

with relatively low amounts of Sn to produce direct-gap material that also provides good
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Figure 4.2: The bandstructure of a) Ge and b) α-Sn, showing a nominally indirect and
semi-metallic behaviours, respectively. Ge bandstructure was calculated using an EPM
[118], whilst the Sn bandstructure was calculated using DFT, with the inclusion of SO

interactions.

carrier transport properties [121]. This was enabled by advances in growth techniques

and the expansion of the available precursors. Growth of good quality GeSn is difficult

since Sn has less than 1% solubility in Ge. Despite this, GeSn/Ge superlattices with 26%

Sn were grown as early as 1995 using molecular beam epitaxy (MBE). This technique

is inherently slow, making the process difficult to scale for manufacturing, which limited

impact. Early chemical vapour deposition (CVD) techniques utilised the high-cost SnD4

precursors, but progress was made in IMEC and KTH who were able to grow layers using

SnCl4 and Ge2H6, and later by al-Kabi et al. who implemented SnCl4 and GeH4, all of

which are commercially available [122], [123].

The effect of alloying with the semi-metal is to reduce the bandgap at the zone centre

faster than the indirect gaps. Initial estimates of the indirect-direct crossover point were

placed at ∼ 20% Sn, however experimental measurements and computational modelling

now estimate a gradual change in band character occurring between 6-10% [18], as shown

in Fig. 4.3 a). Since Sn incorporation is ≤ 1%, this discovery made truly direct group-IV

material significantly more feasible. Despite this, as shown in Fig. 4.3 b), incorporating

such levels of a relatively heavy element results in a steep increase in the natural lattice

constant of the alloy, resulting in high levels of compressive strain when grown directly

on Si and Ge. This can yield highly defective material. As such, the tuning of the

bandstructure and reduction of defects, amongst other things, are vital to producing

commercially viable devices.
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Figure 4.3: a) The bandgap at the Γ and L-points as a function of increasing Sn.
Blue-to-red coloured lines depict the Γ energy calculated while increasing the Γ bowing
parameter between 1.94-2.92 eV, as per the values quoted in literature. b) Shows the
level of biaxial strain when growing GeSn alloys pseudomorphically on Ge (green, solid)

and Si (grey, dashed).

In the following sections, the history of GeSn based lasers are outlined, highlighting key

findings which should be implemented during the device design stage. 6-band and 8-

band k·p Hamiltonians are then established to allow the bandstructure of bulk group IV

material to be accurately modelled. A substantial review of the parameters utilised in the

modelling of Si, Ge, Sn and their multinary alloys is undertaken, before the validity of

bandstructure simulations are compared to notable III-V materials and finally group-IVs.

This chapter therefore represents the theoretical framework required to understand the

material system, and analyse data from electrically injected GeSn lasers presented in the

ensuing chapter.

4.1.1 Device History

Production of direct group-IV materials initially centred around the engineering of Ge,

since the Γ-valley is situated only 136 meV above the L-valley minima. Preliminary

attempts utilised highly doped Ge, such that L-valley states were highly populated, in-

creasing the density of carriers generated in the Γ-valley under optical pumping. Between

2010 and 2012, lasing was reported in both optically [124] and electrically [125] pumped

devices doped to 1× 1019 cm−3 and 4× 1019 cm−3, respectively. However, subsequent

studies were unable to replicate these findings using similar devices, citing that net mate-

rial gain could not be achieved as a result of heightened intervalence band absorption [126],
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[127]. Focus subsequently switched to methods of bandstructure engineering through the

incorporation of tensile strain in the form of microbridges [128], SiN stressor layers [129]

and ion implantation of thin-films [130].

The first GeSn based laser was reported by members of the Peter Grünberg Institute 9

(PGI9) in their seminal 2015 paper [19]. The study consisted of five samples of CVD

grown GeSn, with Sn compositions between 8-13%, grown on Ge virtual substrates (VS).

By etching Fabry-Pérot (FP) cavities of differing lengths, optically-pumped lasing was

demonstrated in one sample (13% Sn) above an excitation power density of 325 kWcm−2

at 20 K using the variable stripe length technique. This was affirmed by observation

of FP oscillations in the photoluminescence spectra. The lasing peak was lost above

90 K, which was attributed by the authors to increased loss, stemming from the onset of

Shockley-Read-Hall (SRH) recombination and the proximity of the Γ and L-valleys.

Subsequent progress in GeSn-based devices has primarily been driven by PGI9 and a

research group at the University of Arkansas (UA), with other notable mentions being

the CEA, based at the University Grenoble Alpes. In 2016, PGI9 followed their initial

paper by demonstrating an optically pumped, under-etched microdisk (MD) laser which

offered performance improvements in both maximum operational temperature (130 K)

and threshold power density (220 kWcm−2 @ 50 K) [131]. Such large improvements were

attributed to the under-etching of the Ge VS, which resulted in enhanced optical mode

confinement when compared to the previous FP structures, and provided strain relaxation

to improve band alignment for gain production. The under-etching was also successful

in removing large amounts of defective VS material which likely also contributed to the

observed improvements, however this was not explicitly reported by the authors. In

the same year, UA reported an optically pumped GeSn FP laser, akin to that of the

initial PGI9 paper, operating at 2.5 µm up to a maximum of 110 K. Here, the authors

used a GeH4 precursor rather than Ge2H6, allowing for the production of high quality,

intrinsically relaxed layers. Similar to the under-etched microdisk, this reduction in defect

density allowed the maximum operational temperature to be raised.

In 2017, the maximum operational temperature for optically pumped devices was further

increased, with both CEA and UA reporting operation up to 180K [132], [133]. Both

groups did so by increasing the Sn% of the active material, with CEA adopting a MD

structure with 16% Sn and UA opting for a FP heterostructure with 17.5% Sn. The

high Sn compositions resulted in a substantial increase in operational temperature due to



Bulk Group-IV Bandstructure Modelling 60

increased separation between the Γ and L-valleys, meaning carriers preferentially popu-

lated the direct states where they could contribute to gain production. Such compositions

were previously thought to be beyond the Sn incorporation limit when using the adopted

deposition techniques, regardless of the choice of precursor, due to the low temperature

required to prevent Sn diffusion/segregation [134]. However, UA established that com-

pressive strain was also a factor limiting incorporation. They therefore utilised a GeSn

VS, enabling compressive strain to be reduced in the active material and leading to height-

ened Sn compositions. A similar approach was implemented by CEA, where graded GeSn

buffer layers were grown on Ge strain relief buffers, also resulting in reduced compressive

strains in the active region.

An important milestone was achieved in 2018 when PGI9 reported the first instance of

lasing in multi quantum well (MQW) devices [135], [136]. As demonstrated in III-V lasers,

confinement provides a pathway to lower thresholds when compared to bulk devices due

to the 2D density of states which improve gain characteristics and thermal-stability of

the quasi-Fermi levels. Such improvements are also expected for group-IV based MQW

heterostructures. The best reported device featured 22 nm GeSn0.13 wells and 22 nm

Si0.05GeSn0.13 barriers, which operated up to 120 K under 1550 nm optical pumping at

45 kW/cm2. This illustrates a ten-fold improvement in threshold power density when

compared to a double-heterostructure design with 14.5% Sn, however no increase in the

maximum operational temperature was observed. This was primarily attributed to the

difference in effective mass between the Γ- and L-valleys. Since the direct valley is around

3× lighter than the L-valley, confinement results in a decreased directness, meaning the

enhanced characteristics observed at low temperatures are offset by increased indirect-

state occupation at higher temperatures. Nevertheless, this remains an important step in

lowering the operational temperature of future devices.

At the same time, CEA reported an optically pumped micro-disk structure with a thresh-

old of 134 kW/cm2 at 15 K, competitive with other bulk active region devices at the

time, but with a maximum operational temperature of 230 K [137]. This built upon the

groups previous 16% Sn device operating up to 180 K. Whilst the former consisted of

a single layer of GeSn, the improved device utilised a GeSn0.138 / GeSn0.16 / GeSn0.138

double heterostructure design. This acted to provide greater optical mode and carrier

confinement which, when paired with the graded strain relief layers, under-etching and

high Sn% active region, enabled operation at temperatures achievable using commercially
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available coolers. By applying a SiN stressor to a similar device geometry, lasing was

achieved under optical pumping at 300 K, becoming the first RT group-IV laser in 2022

[20].

During this time, UA reported lasing at 270 K in an optically pumped FP structure,

without use of stressor layers, by attaining bulk material at 20% Sn. Improvements were

also attributed to the use of broad area ridges which increased heat dissipation capabilities

and lowered surface recombination effects [138]. This was followed by a major milestone

in 2020, with the first reported electrically injected GeSn laser, based on a bulk double-

heterostructure design and an 11% Sn active region which elicited lasing up to 100 K [21].

These devices form the basis of the studies in chapter 5.

Since this groundbreaking study, the group has managed to raise the operational tempera-

ture to 140 K, primarily through improving modal confinement with the active region and

reducing free-carrier losses in the metal contacts [22]. Electrically injected GeSn lasers

have also been achieved for devices with different geometries by CEA, but the operational

temperature remains below 100 K [139]. To push towards higher temperature operation

in future devices, it is important to analyse the performance limitations in current designs.

That is the focus of the following chapter.

4.2 k·p Theory

In order to analyse the carrier recombination processes limiting the operational temper-

ature, it is fundamental to model the material bandstructure. In this body of work, a

time-independent perturbation theory in the form of the k·p methodology is adopted.

The basis of k·p theory involves writing the single electron Schrödinger equation in terms

of the cell-periodic components unk(r) of the Bloch states, ψ(r). Such treatment allows

the Hamiltonian to be written using terms which are k-independent, and terms with an

explicit k-dependence. The k-dependent terms may then be treated using perturbation

theory, allowing the Schrödinger equation to be solved approximately for a limited range

of wave vectors in the proximity of a high-symmetry point. For simplicity and clarity,

the basic principles of k·p theory are initially demonstrated through the derivation of a

single-band model for the lowest conduction band, leading to the well-known effective

mass model. Generally, the technique involves selecting a suitable set of basis vectors

to construct the crystal eigenstates, from which the matrix form of the Hamiltonian is
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obtained. The Hamiltonian is then diagonalised to yield the k-dependent eigenvalues

and eigenstates. These aspects of the theory are demonstrated through derivation of the

Luttinger-Kohn model in section 4.2.2. Here, the three highest, spin-degenerate valence

bands are explicitly considered, whilst the impact of spin-orbit coupling and energetically

remote bands (not belonging to the basis set) are also included. This is extended in section

4.2.3 by including coupling with the lowest conduction band using the Kane model, before

exploring the effects of strain using the Bir-Pikus Hamiltonian.

4.2.1 The Single Band Model

The derivation of all k·p models begin by considering the movement of a single-electron

in a periodic potential, V (r), which reflects the periodicity of the crystal lattice. If spin-

orbit coupling effects are initially neglected for simplicity, the single-electron wavefunction,

ψ(r), will satisfy the Schrödinger equation,

[
p2

2m0
+ V (r)

]
ψ(r) = Eψ(r), (4.1)

where p = −iℏ∇ is the momentum operator, and m0 and E are the electron rest mass

and energy, respectively. Since the crystal potential is invariant under translation by a

Bravais lattice vector R, (i.e. r → r+R), the electron wavefunction must also possess this

translational invariance. As such, the general solution of equation 4.1 may be expressed

as

ψnk(r) = eik·runk(r), (4.2)

where unk(r) is a periodic function characterised by

unk(r) ≡ unk(r +R). (4.3)

Here n denotes the band index, and k is a wavevector within the first Brillouin zone. This

is known as the Bloch theorem.

The Schrödinger equation may then be written in terms of the cell periodic function unk(r)

by substituting equation 4.2 into 4.1, giving

[
− ℏ2

2m0

(
∇2 + 2ik · ∇+ k2

)
+ V (r)

]
unk(r) = En(k)unk(r), (4.4)
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which simplifies to

[
p2

2m0
+ V (r)︸ ︷︷ ︸
H0

+
ℏ
m0

k · p+
ℏ2k2

2m0︸ ︷︷ ︸
H1

]
unk(r) = En(k)unk(r) (4.5)

by using ∇ = −p/iℏ. The Hamiltonian for the system is then the sum of the unperturbed

Hamiltonian, denoted H0, and a term H1 stemming from the interaction with the crystal

potential.

To understand the fundamental concepts, the simple case of a single CB close to the

Γ-point is considered, where n denotes the conduction band and m denotes the states

belonging to energetically remote bands. Assuming that the CB state is known at Γ and

H1 may be treated as a perturbation to H0 in the vicinity of k = 0, the dispersion about

k = 0 may be approximated to second-order using non-degenerate, time-independent

perturbation theory as [140]

En(k) ≈ En(0) +
ℏ2k2

2m0
+

ℏ
m0

k · ⟨un0|p |un0⟩︸ ︷︷ ︸
= 0

+
ℏ2

m2
0

∑
m ̸=n

|⟨um0|k · p|un0⟩|2

En0 − Em0
, (4.6)

where

pmn ≡ ⟨um0|p |un0⟩ = −iℏ
∫
Ω
u∗m0(r)∇un0(r)d(r) (4.7)

and the third term on the RHS is zero due to symmetry. Therefore, the band dispersion

differs from the free electron dispersion only through the final term on the RHS, which

stems from interactions with remote band states. By considering the components of k

explicitly, Eqn. 4.6 may be rewritten as

En(k) ≈ En(0) +
ℏ2k2

2m0
+

ℏ2

m2
0

∑
α,β

kαkβ
∑
m ̸=n

p
(α)
nm p

(β)
mn

En(0)− Em(0)
(4.8)

where α, β = x, y, z such that p
(α)
nm is defined as the component of the matrix element in

α. By grouping the second and third terms in Eqn. 4.8, the energies for the perturbed

system may be written in a form similar to the free electron model:

En(k) ≈ En(0) +
ℏ2

2

∑
α,β

kαkβDα,β , (4.9)
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where Dα,β is

Dα,β =
1

m0

δα,β +
2

m0

∑
m ̸=n

p
(α)
nm p

(β)
nm

En(0)− Em(0)

 . (4.10)

As such, Dα,β can therefore be thought of as a tensor describing a direction dependent

electron effective mass, m∗
n, through

Dα,β ≡
[

1

m∗
n

]
α,β

≡ ∂2En(k)

∂kα∂kβ
. (4.11)

The components of the tensor are then adjustable parameters in the model, which can be

obtained through cyclotron resonance measurements or calculated from atomistic band-

structure modelling techniques such as density functional theory (DFT) [141].

It should be noted that the effective mass tensor elements are solely determined by the

momentum matrix elements pα,βnn′ which are weighted by the proximity of band n’ to band

n. It can be shown that, in the vicinity of k = 0, the CB closest to the band edge shows

spherically symmetric S-like character, with states denoted |S⟩, whilst the next highest

CB and the VB show predominantly P-like character, with triply-degenerate states of the

form |X,Y, Z⟩c and |X,Y, Z⟩v, respectively. By considering only the influence of these

bands, since they are closest, the only non-zero momentum matrix elements are then

⟨S| px |X⟩c ≡ ⟨S| py |Y ⟩c ≡ ⟨S| pz |Z⟩c , (4.12)

⟨S| px |X⟩v ≡ ⟨S| py |Y ⟩v ≡ ⟨S| pz |Z⟩v , (4.13)

such that the CB is isotropic, with effective mass [142]

1

m∗
n

=
1

m0
+

2P 2

ℏ2E0
+

2P ′2

ℏ2E0
. (4.14)

The constants P 2 and P ′2 have been defined as ℏ2/m2
0| ⟨S| px |X⟩v |2, and ℏ2/m2

0| ⟨S| px |X⟩c |2,

respectively. In general P ′ is small compared to P and often neglected from the analysis

[142]. In the single band model, the dispersion of the CB closest to the band edge about

Γ in a zinc blende structure is therefore

En(k) ≈ En(0) +
ℏ2k2

2m∗
n

. (4.15)

A similar derivation can also be utilised for the highest VB states.
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4.2.2 The 6-band Luttinger-Kohn Model

When modelling the VB, the energetic proximity of the LH, HH and SO bands mean it is no

longer appropriate to consider interactions as perturbations. As such, to accurately model

the VB structure, it is necessary to consider these interactions explicitly using a 6-band

model. This method was first devised by Luttinger and Kohn in their 1955 paper [143],

building upon the 3-band model of Dresselhaus, Kip and Kittel [144]. The key difference

between these models was the inclusion of the SO interaction in the Hamiltonian, which

allowed the degeneracy lifting of the SO band to be correctly reproduced.

In order to accurately reproduce the bandstructure, the effect of remote band interactions

must be included in the model. This is nominally achieved through Löwdin’s method of

renormalisation [145]. The process involves dividing eigenstates of the system into two

classes denoted A and B. Class A consists of states which interact strongly with each

other and weakly with states in class B; these are the basis states. Class B states then

refer to all other, energetically remote states. The interactions between class A and B

states are then removed using an iterative process, resulting in renormalised interactions

between the Class A states.

The Hamiltonian describing interactions between the Class A states are obtained to second

order using perturbation theory for degenerate states as [76]

H(A)
nm =

[
En(0) +

ℏ2k2

2m0

]
δnm +H

′
nm(k) +

∑
j∈A ̸=n

H
′
nj(k)H

′
jm(k)

En(0)− Ej(0)︸ ︷︷ ︸
=0

. (4.16)

Here H ′
= ℏ

m0
k · p such that H ′

nm = ℏ
m0

k · pnm. En(0) is the energy of the basis state

labelled |un0⟩. Since class A states all have p-like symmetry, H ′
nm = 0 for all n,m.

By adding the perturbative corrections of the remote bands from Löwdin’s theory, the

renormalised Hamiltonian is [145]

Hnm = H(A)
nm +

∑
j∈B

H
′
nj(k)H

′
jm(k)

En(0)− Ej(0)

=

[
En(0) +

ℏ2k2

2m0

]
δnm +

ℏ2

m2
0

∑
α,β

kαkβ
∑
j∈B

p
(α)
nj p

(β)
jm

En(0)− Ej(0)

(4.17)

where j represents class B states. It can be seen that the only non-trivial contributions

to the Hamiltonian are the interactions between class A and B states. It is found that
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only three distinct types of interaction produce non-zero matrix elements, these are [146]

A =
ℏ2

2m0

1 +
2

m0

∑
j∈B

p
(α)
αj p

(α)
jα

EA − Ej(0)

 ,

B =
ℏ2

2m0

1 +
2

m0

∑
j∈B

p
(β)
αj p

(β)
jα

EA − Ej(0)

 , for α ̸= β

C =
ℏ2

m2
0

∑
j∈B

p
(α)
αj p

(β)
jβ + p

(β)
αj p

(α)
jβ

EA − Ej(0)
, for α ̸= β.

(4.18)

The effective mass and non-parabolicity of the LH, HH and SO bands in the vicinity of the

Γ-point are therefore determined solely by these interaction terms. Linear combinations

of these terms are used to define the more commonly utilised Luttinger parameters

γ1 = −2m0

3ℏ2
(A+ 2B) ,

γ2 = −m0

3ℏ2
(A−B) ,

γ3 = −m0

3ℏ0
C.

(4.19)

These parameters act as fitting parameters or can be obtained experimentally from cy-

clotron resonance measurements [147].

The SO interaction is treated as a perturbation to Eqn. 4.5, with the SO Hamiltonian is

given by

HSO =
ℏ

4m2
0c

2

[
(σ ×∇V ) · p+ (σ ×∇V ) · k︸ ︷︷ ︸

= 0

]
=

ℏ
4m2

0c
2
(∇V × p) · σ, (4.20)

where the rightmost term is neglected from the analysis since the momentum of the

electron in the orbital, where the spin-orbit interaction is strongest, is significantly greater

than the crystal momentum, (ℏk << p) [148]. Here σ = (σx, σy, σz) are the Pauli spin

matrices [76]

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 (4.21)
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which act on the |↑⟩, |↓⟩ eigenspinors as

σx |↑⟩ = |↓⟩ , σx |↓⟩ = |↑⟩ , (4.22)

σy |↑⟩ = i |↓⟩ , σy |↓⟩ = −i |↑⟩ , (4.23)

σz |↑⟩ = |↑⟩ , σz |↓⟩ = − |↓⟩ . (4.24)

Knowing that the VB maxima is p-like in nature, a good choice of basis states are

those reflecting the symmetries of the triply degenerate p-orbitals, |X⟩ , |Y ⟩ , and |Z⟩.

To account for the two distinct spin-projections, the full set in the ‘LS’ basis is then

|X ↑⟩ , |Y ↑⟩ , |Z ↑⟩ , |X ↓⟩ , |Y ↓⟩ , |Z ↓⟩, where L is the orbital angular momentum as

before, and S is the spin. In this basis, the total Hamiltonian is not diagonal for k=0, and

therefore cannot be solved exactly, it is therefore customary to perform a transformation

to the JMJ basis, for which exact solutions can be found at the zone-centre [142]. Here

J = L + S is the total angular momentum, and MJ is the associated z-axis projection.

The new basis set reads [146], [149]

|u10⟩ =
∣∣∣∣32 , 32

〉
= − 1√

2
|(X + iY ) ↑⟩ , (4.25)

|u20⟩ =
∣∣∣∣32 , 12

〉
= − 1√

6
|(X + iY ) ↓⟩+

√
2

3
|Z ↑⟩ , (4.26)

|u30⟩ =
∣∣∣∣32 ,−1

2

〉
=

1√
6
|(X − iY ) ↑⟩+

√
2

3
|Z ↓⟩ , (4.27)

|u40⟩ =
∣∣∣∣32 ,−3

2

〉
=

1√
2
|(X − iY ) ↓⟩ , (4.28)

|u50⟩ =
∣∣∣∣12 , 12

〉
=

1√
3
|(X + iY ) ↓⟩+ 1√

3
|Z ↑⟩ , (4.29)

|u60⟩ =
∣∣∣∣12 ,−1

2

〉
=

1√
3
|(X − iY ) ↑⟩ − 1√

3
|Z ↓⟩ . (4.30)

Due to the symmetry of p-like basis states, the only non-zero matrix elements occur

between states of the same spin and are cyclical permutations of the form [142]

∆so ≡
3iℏ

4m2
0c

2
⟨X ↑| (∇V × p)y |Z ↑⟩ . (4.31)
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Utilising this fact, it can be shown that HSO in JMJ basis is a diagonal Hamiltonian

given by [142]

HSO =
∆so

3



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 −2 0

0 0 0 0 0 −2


, (4.32)

illustrating that the inclusion of the spin-orbit interaction splits the sixfold degeneracy

at the Γ-point into a |3/2,MJ⟩ quadruplet and a |1/2,MJ⟩ doublet. The quadruplet

forms the doubly spin-degenerate LH and HH bands which are separated from the spin-

degenerate spin-orbit split off band by an energy ∆so.

By adding HSO to Eqn. 4.17 and inserting the Luttinger parameters in place of the

interaction terms, the total 6-band Luttinger-Kohn Hamiltonian in the JMJ basis is [146]

HLK =



EHH(k)
√
2S(k) −S(k) 0 −R(k) −

√
2R(k)

ELH(k) Q(k) R(k) 0
√
3S(k)

ESO(k) −
√
2R(k) −

√
3S∗(k) 0

EHH(k)
√
2S∗(k) −S∗(k)

ELH(k) Q(k)

ESO(k)


(4.33)

where the k dependent functions are

EHH(k) = − ℏ2

2m0

[
(γ1 + γ2) k

2
|| + (γ1 − 2γ2) k

2
z

]
, (4.34)

ELH(k) = − ℏ2

2m0

[
(γ1 − γ2) k

2
|| + (γ1 + 2γ2) k

2
z

]
, (4.35)

ESO(k) = −∆so −
ℏ2

2m0
γ1(k

2
|| + k2z), (4.36)

Q(k) = − ℏ2√
2m0

γ2k
2
|| +

√
2ℏ2

m0
γ2k

2
z , (4.37)

R(k) =

√
3

2

ℏ2

m0

[
γav (kx − iky)

2 − µ (kx + iky)
2 ], (4.38)

S(k) =

√
3

2

ℏ2

m0
γ3 (kx − iky) kz. (4.39)

Since the Hamiltonian is Hermitian, the lower elements are not explicitly depicted in Eqn.
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4.33. Here k2|| = k2x + k2y, and γav and µ have been defined for concision, taking the values
1
2(γ2 + γ3) and 1

2(γ3 − γ2), respectively [149].

From inspection of the Hamiltonian, a number of deductions can be made about the

resultant bandstructure, Firstly, by examining the 3×3 off-diagonal block, it is found

that the elements on the diagonal are zero, illustrating that there is no coupling between

between states differing only in spin. It is also evident that anisotropy in the band non-

parabolicity stems solely from the right-most term in R(k). For typical III-V and group

IV materials γ2 and γ3 take nominally similar values. As such, µ can be set to zero in the

so-called ‘axial approximation’, which greatly reduces the region of the Brillouin zone that

is to be calculated explicitly, whilst simultaneously providing a good approximation to

the full bandstructure. This technique is implemented during any calculations involving

QW based-devices in this study.

4.2.3 The 8-band Model

The 6-band model derived above is able to accurately model VB non-parabolicities in

the vicinity zone centre by accounting for interactions with the lowest CB and more

energetically remote states through the experimentally determined Luttinger parameters.

This is particularly useful for investigating IVBA transitions. However, for modelling

interband transitions it is necessary to accurately model the non-parabolicities of both

the CB and VB. To do this, the basis set is expanded such that coupling between the CB

and VB is included explicitly. The 8-band basis states are then [150]

|u10⟩ =
∣∣∣∣12 , 12

〉
= |S ↑⟩ , (4.40)

|u20⟩ =
∣∣∣∣32 , 32

〉
= − 1√

2
|(X + iY ) ↑⟩ , (4.41)

|u30⟩ =
∣∣∣∣32 , 12

〉
= − 1√

6
|(X + iY ) ↓⟩+

√
2

3
|Z ↑⟩ , (4.42)

|u40⟩ =
∣∣∣∣32 ,−1

2

〉
=

1√
6
|(X − iY ) ↑⟩+

√
2

3
|Z ↓⟩ , (4.43)

|u50⟩ =
∣∣∣∣12 ,−1

2

〉
= − |S ↓⟩ , (4.44)

|u60⟩ =
∣∣∣∣32 ,−3

2

〉
=

1√
2
|(X − iY ) ↓⟩ , (4.45)

(4.46)
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|u70⟩ =
∣∣∣∣12 , 12

〉
=

1√
3
|(X + iY ) ↓⟩+ 1√

3
|Z ↑⟩ , (4.47)

|u80⟩ =
∣∣∣∣12 ,−1

2

〉
=

1√
3
|(X − iY ) ↑⟩ − 1√

3
|Z ↓⟩ , (4.48)

where |u10⟩ and |u20⟩ are the s-like states associated with the doubly spin-degenerate CB.

By explicitly including these states, non-zero momentum matrix elements arise between

s-like and p-like states with equivalent spin in class A, which are used to define the Kane

momentum matrix element,

P ≡ −i ℏ
m0

⟨S| px |X⟩ ≡ −i ℏ
m0

⟨S| py |Y ⟩ ≡ −i ℏ
m0

⟨S| pz |Z⟩ . (4.49)

Derivation for the renormalised Hamiltonian proceeds as per the 6-band model. However,

as a result of the non-zero momentum matrix elements, the two terms in Eqn. 4.16 are

now non-zero. The terms that are linear in |k| describe the CB-VB interband coupling,

while the terms that are quadratic in |k| act as corrections to Eqn. 4.17. This occurs

because the s-like states are now class A such that their effect on the bandstructure is

calculated explicitly, and are thus removed from the term describing the effect of class

B states. As such, the Luttinger parameters from the 6-band model, defined from the

momentum matrix elements of interactions between class A and class B states, must be

adjusted accordingly. In this work, the most commonly implemented correction is adopted,

such that the parameters are transformed by [151]

γ1 → γ1 −
EP

3Eg
, (4.50)

γ2 → γ2 −
EP

6Eg
, (4.51)

γ3 → γ3 −
EP

6Eg
, (4.52)

where EP = 2m0|P |2/ℏ2 is the Kane parameter, and Eg is the material bandgap. Similarly,

the effective electron mass must also be adjusted. The resultant inverse effective mass is

denoted sC and defined as [152]

sC =
1

m∗
c

− EP

3

(
2

Eg
+

1

Eg +∆so

)
. (4.53)

The resultant, fully-renormalised Hamiltonian is then given by [149], [151]
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H(k) =



ECB(k) −
√
3T+(k)

√
2U(k) −U(k) 0 0 −T−(k) −

√
2T−(k)

EHH(k)
√
2S(k) −S(k) 0 0 −R(k) −

√
2R(k)

ELH(k) Q(k) T ∗
+(k) R(k) 0

√
3S(k)

ESO(k)
√
2T ∗

+(k)
√
2R(k) −

√
3S(k) 0

ECB(k) −
√
3T−(k)

√
2U(k) −U(k)

EHH(k)
√
2S∗(k) −S∗(k)

ELH(k) Q(k)

ESO(k)



,

(4.54)

where the matrix elements are

ECB(k) = ECB(0) +
ℏ2

2m0
sC
(
k2|| + k2z

)
,

EHH(k) = EHH(0)− ℏ2

2m0

[(
γ1 + γ2

)
k2|| +

(
γ1 − 2γ2

)
k2z

]
,

ELH(k) = ELH(0)− ℏ2

2m0

[(
γ1 − γ2

)
k2|| +

(
γ1 + 2γ2

)
k2z

]
,

ESO(k) = ESO(0)−
ℏ2

2m0
γ1
(
k2|| + k2z

)
,

T±(k) =
1√
6
P
(
kx ± iky

)
,

U(k) = 1√
3
Pkz,

S(k) =
√

3

2

ℏ2

m0
γ3kz

(
kx − iky

)
,

R(k) =
√
3

2

ℏ2

m0

[
γav
(
kx − iky

)2 − µ
(
kx − iky

)2]
,

Q(k) = − 1√
2

ℏ2

m0
γ2k

2
|| +

√
2
ℏ2

m0
γ2k

2
z .

(4.55)

It can be seen that the matrix elements Q(k), S(k), R(k) describing coupling between

the VB states are equivalent to those in the 6-band model, whilst terms T±(k) and U(k)

have been introduced to describe coupling between CB and VB states. As per the LK

model, the diagonal entries of the upper right off-diagonal block illustrate that there is

zero coupling between states differing only in spin. Two additional zero entries arise due

to the orthogonality of the two spin states, which ensures that the momentum matrix

elements between s-like and p-like states of opposing spins is zero. This results in weaker

HH-CB coupling when compared to that of the LH-CB and SO-CB.
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4.2.4 Psuedomorphic Strain Corrections

Even in bulk structures, lattice mismatch between epitaxial layers can result in levels

of strain which can influence the bandstructure in an appreciable manner. As such, a

correction must be made to the unstrained Hamiltonians derived previously.

Any strain can be decomposed into a ‘hydrostatic’ or ‘shear’ strain. Hydrostatic strains

refer to those where the symmetries of the crystal lattice are preserved, and there is a

change only in volume. This results in a shift in the band edge energies, without lifting

the VB degeneracy. When the strain is tensile in nature, the bandgap narrows, whereas a

compressive strain widens the bandgap. In contrast, a shear strain refers to those which

act to break the lattice symmetries whilst preserving the volume. The symmetry breaking

results in VB degeneracy lifting.

For the case of biaxially-strained layers, the strain is included in the model by way of a

corrective perturbative Hamiltonian as described initially by Bir and Pikus [153], given

for the 8-band model as [154]

HBP =



OBP −
√
3TBP

√
2UBP −UBP 0 0 0 0

PBP +QBP

√
2SBP −SBP 0 0 0 0

PBP −QBP

√
2QBP 0 0 0 0

PBP 0 0 0 0

OBP −
√
3T ∗

BP

√
2UBP −UBP

PBP +QBP

√
2S∗

BP −S∗
BP

PBP −QBP

√
2QBP

PBP



,

(4.56)

with

OBP = ac (εxx + εyy + εzz) , (4.57)

PBP = −av (εxx + εyy + εzz) , (4.58)

QBP =
b

2
(εxx + εyy − 2εzz) , (4.59)

RBP = −
√
3

2bv
(εxx − εyy) + idvεxy, (4.60)

SBP = − dv√
2
(εzx − iεyz) , (4.61)

(4.62)
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TBP =
P√
6
[(εxx + iεyx) kx + (εxy + iεyy) ky + (εxz + iεyz) kz] , (4.63)

UBP =
Pkz
3

(εzxkx + εzyky + εzzkz) , (4.64)

where [146]

εxx = εyy =
a0 − a

a
, (4.65)

εzz = −2C12

C11
εxx, (4.66)

εxy(yx) = εxz(zx) = εyz(zy) = 0. (4.67)

Here a0, a and C12, C11 are the unstrained lattice constant, strained in-plane lattice con-

stant and elastic stiffness constants, respectively. OBP and PBP both describe hydrostatic

strains, while QBP represents a shear strain.

TBP and UBP are historically taken to be zero, and hence most of the off diagonal terms

are zero. The only surviving elements are OBP , PBP , and QBP . As such, the only

corrections to be made to the unstrained Hamiltonian are given by [155]

ECB → ECB +OBP , (4.68)

EHH → EHH + PBP +QBP , (4.69)

ELH → ELH + PBP −QBP , (4.70)

ESO → ESO + PBP , (4.71)

Q→ Q+
√
2QBP . (4.72)

It should be noted that Eqns. 4.69 - 4.72 are also valid for the 6-band model.

The bulk 6- and 8-band models, with strain corrections, used in this work were written

in Python as functions to be used with the software kpymod, developed by Dr. Dominic

Duffy. A link to the file containing said functions is provided in appendix A.

4.3 Parameterisation

Due to the semi-empirical nature of the k·p model, to calculate the pressure relations,

bandstructure and bulk gain in the subsequent sections, numerous parameters are re-

quired as inputs. Since concerted focus on group-IV materials such as GeSn and SiGeSn
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is relatively recent, a range of material parameters are given in current literature. Due to

their importance in electronics, the pure elemental parameters for Si and Ge are gener-

ally well-established, however α-Sn has historically been of less interest, and hence many

parameters are not available in literature. Greater uncertainty exists when modelling

group-IV binary or ternary alloys. Due to a lack of experimental data, many of the pa-

rameters for these multinary alloys can only be approximated through linear interpolation.

Such an approximation can lead to significant inaccuracies should the non-linearities be

strong. Of the binary materials, GeSn in the most widely studied in terms of non-linear

parameters, however there is comparatively little information for SiGe, and even less for

SiSn. Thus, as GeSn, and SiGeSn to a lesser extent, with low Sn contents are investigated,

it is likely that the models will be suitably accurate.

In this work, parameters from a range of sources are collated. As far as possible, the pa-

rameters most commonly used in literature are utilised. However, where minor differences

are found in more recent publications, these values are adopted preferentially. The values

implemented in models detailed in this chapter are given in table 4.1.

4.3.1 Linear Interpolation

A semiconductor alloy with low levels of ordering can be treated under the virtual crystal

approximation (VCA). Here the crystal is modelled as homogeneous medium of atoms

with properties that are weighted averages of the constituent elements. In the absence of

bowing, material parameters can be estimated by linear interpolation using Vergard’s law

[170]. For a group-IV multinary alloy of SixGe1−x−ySny, the equation reads,

PSiGeSn = xPSi + (1− x− y)PGe + yPSn, (4.73)

where P is a given parameter, and x and y are the fractions of Si and Sn in the alloy,

respectively. In the case of binary GeSn, x is simply set to 0, and a similar approach can

be made for SiSn and SiGe.

In this study, all of the parameters listed in table 4.1 are linearly interpolated, with the

exception of the Γ- and L-valley bandgaps. Due to the lack of currently available literature,

the level of accuracy of this approach is unknown. However, compositional dependence has

been illustrated for parameters such as the deformation potentials and stiffness constants

in III-V materials [172], [173], making it plausible that such a relation may exist in group
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Parameter Symbol (units) Si Ge Sn

Bandgap (Γ) EΓ
g @ 0 K (eV) 4.185a) 0.8981a) -0.41a)

Varshni Parameter (Γ) αΓ (eV/K) 3.91e-4b) 5.82e-4b) 0
Varshni Parameter (Γ) βΓ (K) 125.0b) 296.0b) 0

Bandgap (L) EL
g @ 0 K (eV) 2.176c) 0.744b) 0.092a)

Varshni Parameter (L) αL (eV/K) 4.744e-4b) 4.561e-4b) 0
Varshni Parameter (L) βL (K) 235.0b) 210.0b) 0

∆ Bandgap (∆) E∆
g @ 0 K (eV) 1.1695d) 0.931b) -

Varshni Parameter (∆) α∆ (eV/K) 4.73e-4d) 4.774e-4b) -
Varshni Parameter (∆) β∆ (K) 636.0d) 235.0b) -

Spin-Orbit Splitting Energy ∆SO (eV) 0.044a) 0.297a) 0.8a)

Valence Band Offset ∆EVBO (eV) -1.27e) -0.69e) 0f)

Elastic Constant c11 (GPa) 165.77a) 128.53a) 69.00a)

Elastic Constant c12 (GPa) 63.93a) 48.26a) 29.30a)

Elastic Constant c44 (GPa) 79.62a) 66.30a) 36.20a)

Deformation Potential (Γ) aΓ
c (eV) -10.06g) -8.24h) -6.00g)

Deformation Potential (L) aL
c (eV) -0.66h) -1.54h) -2.14i)

Deformation Potential (∆) a∆
c (eV) 14.0j) 5.75k) -

VB Deformation Potential av (eV) 2.46g) 1.24g) 1.58i)

Shear Deformation Potential (Γ) bΓ (eV) -2.1g) -2.9g) -2.7l)

Shear Deformation Potential (L) bL (eV) 18.0k) 15.9k) -
Shear Deformation Potential (∆) b∆ (eV) - 9.75k) -

Pressure Coefficient (Γ) dEΓ
g/dP (meV/kbar) 12.7m) 14.6m) 16.6m)

Pressure Coefficient (L) dEL
g/dP (meV/kbar) 4.2m) 5.8m) 5.9m)

Pressure Coefficient (∆) dE∆
g /dP (meV/kbar) -1.4m) -0.7m) -1m)

Luttinger Parameter (6-band) γ1 (eV) 4.22a) 13.38a) -12 i)

Luttinger Parameter (6-band) γ2 (eV) 0.39a) 4.24a) -8.45i)

Luttinger Parameter (6-band) γ3 (eV) 1.44a) 5.69a) -6.84i)

Kane Matrix Element EP (eV) 21.6a) 26.3a) 23.8n)

Table 4.1: ref. a) [156], ref. b) [157], ref. c) [158], ref. d) [159], ref. e) [160], ref. f) [161],
ref. g) [162], ref. h) [163], ref. i) [164], ref. j) [165], ref. k) [166], ref. l) [167], ref. m)

[168], ref. n) [169]

IV alloys. This is suggested for GeSn in a 2017 arXiv paper in which bowing terms for

the deformation potentials are extracted from an empirical psuedopotential model (EPM)

[171]. Since similar terms are not found elsewhere in peer reviewed literature, these are

not adopted in the model utilised in this body of work. As this study deals only with

bulk layers, the small residual strains are such that any bowing in the elastic constants

or deformation potentials is not likely to significantly alter results.

A non-linear compositional dependence of the Luttinger parameters in GeSn has also been

reported in a small number of studies [174], [175]. Here, parameters for an 8-band k·p

model were again extracted from EPMs and quadratic formulas were fitted to the second

order to extract the compositional dependence of the parameters. Figure 4.4 depicts
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the Luttinger parameters calculated through linear interpolation (solid) and using the

empirical model of [174]. The minimum Sn composition is chosen as 8% as alloys below

this concentration are not considered in these studies, and the upper limit is capped at

15% due to the range over which the empirical formula is valid. Relatively good agreement

between both models can be observed over this range. However, the empirical expression

is unable to replicate the Luttinger parameters for Ge which are widely reported and

well-defined in the literature. As such, we opt to use the linearly interpolated values.

4.3.2 Bowing

Deviations from linear scaling with composition is typically accounted for via the inclusion

of a bowing parameter. This will often be determined from experimental measurements

but are occasionally extracted from EPM or density functional theory models. With the

inclusion of bowing, Eqn. 4.73 then reads

PSiGeSn = xPSi + (1− x− y)PGe + yPSn+

x (1− x− y) bSiGe + y (1− x− y) bGeSn + xybSiSn, (4.74)

where b is the bowing parameter for the subscripted alloy.
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Figure 4.4: Luttinger parameters as a function of Sn, calculated using the empirical
model devised in [171] (dashed), with standard linear interpolation utilised in this study

(solid).
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Since heightened temperature results in an increased lattice constant, the bandgap is

inherently temperature dependent. The dependence can be approximated using numerous

semi-empirical approaches such as the Päsler and Bose-Einstein models, but here the

Varshni model is applied. This model was chosen because it is the most widely used, and

thus has the most parameters available in literature. The equation is given by

Ei
g(T ) = Ei

g(0)−
αT 2

β + T
, (4.75)

where i denotes the CB valley, and α and β are semi-empirical values typically determined

through fitting of experimental data. This is used to calculate the temperature dependent

bandgap of each group IV element, which are inserted into equation 4.74.

GeSn is the most widely researched group-IV binary and as such, numerous studies have

attempted to quantify the bandgap bowing parameters. Recent literature values for bΓGeSn

lie between 1.94-2.92 eV[176]–[178], while bLGeSn is between 0.89-2.28 eV [177], [179]–[181],

with most quoted at close to 1 eV. However, a number of groups have reported that the

bowing parameter itself should possess both a temperature- and composition-dependence

[177], [182], [183]. In this study, a temperature-dependent bowing term for GeSn is opted

for, as this is heavily utilised in recent work. The terms for the Γ- and L-valley bandgaps

are given by [184]

bΓGeSn(T ) = 2.55− 4× 10−4T (4.76)

bLGeSn(T ) = 0.89− 7× 10−4T. (4.77)

These are in good agreement with other reported values whilst also including the temper-

ature dependence.

For SiGe, the bowing parameters are taken to be bΓSiGe = 0.21 eV and bLSiGe = 0.335 eV

[185]. SiSn has been explored far less than the aforementioned binaries, and as such, the

range of quoted bowing parameters has a large degree of uncertainty, spanning -21 [186]

to 24 eV [187] for the Γ bandgap. Values of bΓSiSn = 2.124 eV and bLSiSn = 3.915 eV from

[185] are chosen, for consistency. Since the difference in electronegativity and atom size

between Sn and Si is greater than that of Sn and Ge, it is expected that the bowing

should be greater for SiSn than GeSn. This is reflected in the choice of parameters for

the model. However, it should be noted that these large differences may qualify SiSn as

a highly mismatched alloy (HMA) and the breakdown of the VCA [155]. As is the case
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with other HMAs, such as dilute nitrides [188], this may mean a single bowing term may

be inappropriate over the whole composition range. The bowing parameters for SiGe and

SiSn are only utilised in modelling the SiGeSn cap layer. In this case, the low fractions

of both Si and Sn mean that the relative contributions of these two bowing terms are low

compared to the GeSn bowing, which further justifies the choice of parameters.

4.4 Evaluation of Model Accuracy

Multiple models of varying accuracy are available for calculating electronic bandstructure

from which the material gain can be calculated. First principle calculations utilising DFT

can be highly accurate but often require the use of computationally demanding hybrid-

functionals to produce accurate bandgaps. In contrast, parabolic band models have a

simple functional form which allows the bandstructure and gain spectra to be calculated

with minimal computational cost. The k·p approach is semi-empirical in nature, striking

a balance between both models in terms of accuracy and run-time. However, the inclusion

of band interactions mean that gain must be calculated numerically by iterating over the

Brillouin zone, rather than using the analytical solution afforded by parabolic bands. It

is therefore essential to determine whether the 8-band k·p model outlined in Sec. 4.2.3 is

most appropriate for calculation of bulk gain, given the required computational resources

and run-time.

4.4.1 III-V Materials

The accuracy of the k·p bandstructure is assessed by way of comparison with a parabolic

model and an EPM. GaAs is chosen for the comparison since it is a relatively wide gap

material with well-known k·p parameters. This ensures that the elements of the Hamilto-

nian can be checked without complications stemming from large CB-VB interaction and

uncertainty in material parameters.

Fig. 4.5 illustrates that all 3 models are able to accurately replicate the bandstructure

for |k| < 0.5 nm−1. Above this value, the parabolic model deviates significantly from the

EPM model, which would result in distorted gain and IVBA spectra at higher levels of

injection. In contrast, the k·p model is able to replicate the VB almost exactly below

|k| = 1 nm−1, whilst providing a better approximation of the CB.
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Figure 4.5: Bandstructure along the [001], and [111] directions in GaAs. The 8-band
model is depicted by the dashed line, and compared to the parabolic model (dotted) and

bandstructure calculated using an EPM, available on nanoHUB [118].

4.4.2 Group IV Materials

Fig 4.6 depicts the bandstructure of Ge using parabolic (dotted), 8-band k·p (dashed)

and sp3s∗d5 tight-binding (solid) models. The tight-binding bandstructure was calculated

using the Band Structure Lab online tool, available on nanoHUB [118] and is the most

accurate model over extended ranges in k. It can be seen that the parabolic model is

able to reproduce the bandstructure below 0.3-0.4 nm−1 along both directions, however

significant deviations occur beyond this range. As the effect of band interactions are

included, the k·p model is able to more accurately replicate the non-parabolicity at higher

k. Since increased levels of carrier injection or thermal broadening will cause higher

energy electron- (and lower energy hole-) states to be populated, the k·p method is most

applicable in these circumstances.

4.5 Summary

In this chapter the (Si)GeSn material system was introduced and it’s use in the devel-

opment of truly direct-gap group IV lasers discussed, with an emphasis on electrically
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Figure 4.6: Bandstructure along the [001], and [111] directions in Ge. The 8-band
model is depicted by the dashed line, and compared to the parabolic model (dotted) and

bandstructure calculated using an EPM, available on nanoHUB [118].

injected devices. The theory behind the k·p method was introduced in a semi-conceptual

manner, before outlining the strain-dependent 6- and 8-band models to be used in forth-

coming chapters for gain and IVBA calculations. Parameters required for modelling group

IV elements and multinary alloys are then collated through a comprehensive review of the

available literature, before detailing how the obtained parameters are utilised within the

bandstructure calculations. The accuracy of the model is then compared with more and

less accurate approaches to test the robustness of the model.

Having established a number of appropriate models for calculating bulk bandstructure,

we may now proceed with the analysis of carrier recombination processes in electrically

injected, bulk group-IV laser heterostructures.



Chapter 5

Performance Limiting Mechanisms

in Electrically Injected GeSn

Lasers

5.1 Sample Information

The laser devices investigated during this body of work are FP bulk double GeSn/SiGeSn

heterostructures, reported by the University of Arkansas in 2020 [21]. These structures

consist of five layers, grown on 200 mm diameter, industry standard Si(100) wafers using

chemical vapour deposition (CVD). The heterostructure design is depicted in Fig. 5.1,

whilst table 5.1 gives detailed information on each layer, listed from bottom to top. These

devices were reported in [21], and further growth information can be found in [189].

The wafer was processed into 100 µm, broad-ridge FP waveguide structures with cavity

lengths of 1.7 mm, and topped with Cr/Au n and p contacts. Top (lateral) contacting is

often deployed in laser devices grown on Si such that injected carriers can bypass thick

layers of highly defective buffer material. Lasing was demonstrated up to a maximum of

100 K, with a threshold close to 3 kA/cm2. The primary aim of this study is to understand

why lasing is limited to such low temperatures in electrically injected devices, such that

future designs can be adapted to improve performance. This is achieved by analysing

the carrier recombination mechanisms using a combination of high hydrostatic pressure

characterisation and k·p bandstructure modelling.

81
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Figure 5.1: Schematic diagram on the top (lateral)-contacted FP ridge waveguide
structures discussed in this chapter.

Layer Material Thickness (nm) Doping (cm−3) Strain (%)

Buffer Ge 500 1× 1019 (n-type) 0.1
Graded Buffer GeSn0.08−0.105 700 1× 1019 (n-type) -0.14
Active Region GeSn0.105 1000 - -0.27

Cap Si0.03GeSn0.08 170 1× 1018 (p-type) -
Ohmic Contact Si0.03GeSn0.08 70 1× 1019 (p-type) -

Table 5.1

5.2 High Hydrostatic Pressure Measurements

As the maximum operating temperature for electrically pumped GeSn lasers is ∼ 100 - 140

K, it is vital to determine the efficiency limiting processes such that future device design

can be optimised to mitigate them. Analysing the threshold current as a function of

hydrostatic pressure can provide key insight into the recombination characteristics, since

each recombination pathway has a distinct pressure dependence that is tied intrinsically

to the bandstructure. In this section these relations are used to quantify the contributions

of each process, and stipulate the impact on higher temperature operation.

The devices were cleaved from an individual laser bar, with initial testing on the probe-

station indicating two working devices, hereby referred to as samples A and B. Other

devices were rendered defective, likely due to the quality of the Cr/Au contacts which

showed visible peeling. Working devices were subsequently wire bonded and mounted

onto individual laser headers. For each measurement run, a single device was loaded into

the CuBe pressure cell and connected to the standard laser circuit depicted in section

3.3. As lasing was limited to temperatures below 100 K, the pressure cell was housed
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Figure 5.2: LI curves depicting the change in threshold current density with increasing
pressure between 0-2.0 kbar at 85 K for samples a) A and b) B, respectively.

within a closed-cycle cryostat and pumped to a minimum achievable temperature of 85

K. The set-up was left for 1 hour to ensure the sample had equilibrated and the system

temperature was stable. In order to minimise self-heating effects, square pulses of 500 ns

were supplied at a frequency of 1 kHz. The pressure was then altered between 0-2 kbar.

Since the cell utilised in this set-up is older than for RT measurements, 2 kbar was the

highest achievable pressure, likely due to wear degrading the seal. Measurements of the

light output as a function of current were then taken whilst the pressure was increased

to, and decreased from, 2 kbar. This was done to ensure there was no irreversible device

degradation as a result of the applied pressure. Low levels of light output paired with

weakened spectrometer sensitivity at the predicted emission wavelength meant spectral

measurements were not possible.

The LI curves obtained for a single device are illustrated in Fig. 5.2. Threshold was

obtained using the method outlined in section 3.3. At atmospheric pressure, the devices

illustrate threshold currents around 1.15 kA/cm2, in good agreement with those reported

at 77 K in the original paper. Below threshold, the devices illustrate notable levels of

spontaneous emission, evidenced by the gradient of the LI curve sub-threshold, likely

stemming from large levels of carrier injection and the bulk nature of the devices. The

threshold is seen to increase by ∼ 1.2× between 0 and 2 kbar.

To understand the underlying cause of this shift, the expression for the threshold current

density as a function of pressure is considered. This is dependent on the injection efficiency

and the rate of carrier depletion from the Γ-valley. The threshold current as a function
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of pressure can therefore be written in terms of the recombination processes as

Jth(P ) = Jdef
th (P ) + Jrad

th (P ) + J lk
th(P ), (5.1)

where Jdef
th , Jrad

th and J lk
th are the pressure-dependent current densities of carriers recom-

bining via defect-related, radiative, and leakage processes at threshold, respectively. At

low temperatures, the thermally-activated Auger-Meitner processes are expected to be

small and are therefore neglected from the analysis. The relations for radiative and

defect-related recombination in bulk devices are [190]

Jdef (P ) ≈ const. , (5.2)

Jrad(P ) ∝
[
EΓ

g (P )
]5/2

. (5.3)

Here, leakage refers to any process by which injected carriers occupy states other than

those in the active region Γ-valley, for example physical loss of carriers to states in neigh-

bouring layers or electrons occupying indirect valley states in the active region. The latter

is of utmost importance in these devices due to the proximity of the Γ- and L-band edges.

Using a simple model, the pressure dependence of the leakage current density can be given

by

J lk(P ) = J lk(0) exp

(
−dEa

dP

P

kBT

)
, (5.4)

where the activation energy can be approximated as Ea = EL − Efc ≈ EL − EΓ [191].

Here, EL/Γ are the band minima of the respective valleys and Efc is the conduction band

quasi-Fermi energy, which is assumed to be close to the direct-valley minima at threshold.

The movement of the different conduction band valley minima with pressure are given

for bulk Si, Ge and Sn by the pressure coefficients dEΓ
g/dP, dE

L
g/dP, and dE∆

g /dP listed

in Tab. 4.1. Parameters for binary GeSn and ternary SiGeSn are then obtained through

linear interpolation of the constituent elements. The resulting flat band edge diagram for

the active region and cap material as a function of pressure is illustrated in Fig. 5.3. This

shows that the pressure coefficients in the bulk GeSn and SiGeSn cap layer are similar

for a given CB valley, which ensures that carrier leakage to the direct minima in the cap

is negligible. Leakage to the L-valley in the cap is also expected to be minimal, since the

large DoS in the lower energy L-valley of the active material will ensure those states are

preferentially filled. This, paired with low levels of thermal carrier distribution broadening

at 85 K, results in carriers being well confined to the active region.
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Figure 5.3: Movement of the flat band edges in the active region and cap layers as a
function of increasing pressure (0 - 2 kbar). Black lines represent the band edge at the

Γ-point, while red lines denote the L-point minima.

The threshold current densities for devices A (squares) and B (circles) are normalised at 0

kbar and plotted as a function of pressure in Fig 5.4. The green, orange and blue dashed

lines depict the pressure dependence of the defect, radiative and leakage terms, given by

Eqn. 5.2 - 5.4, respectively. Whilst leakage and defect related terms are independent

of the choice of bowing parameters, the radiative term is inherently dependent on bΓGeSn.

The orange line utilises the bowing parameter given in Eqn. 4.76, whilst the filled area

depicts the uncertainty in the values due to the range of bΓGeSn cited in literature.

To extract the relative contributions, Eqn. 5.1 is normalised to give

Jth(P )

Jth(0)
=
Jdef
th (0)

Jth(0)︸ ︷︷ ︸
α

+
Jrad
th (0)

Jth(0)︸ ︷︷ ︸
β

[
EΓ

g (P )
]5/2

+
J lk
th(0)

Jth(0)︸ ︷︷ ︸
γ

exp

(
−dEa(P )

dP

P

kBT

)
. (5.5)

α, β and γ are then used as fitting parameters to determine the fraction of each pro-

cess at threshold and atmospheric pressure. The carrier density required to fulfil the

Bernard-Duraffourg condition is calculated and used to determine Jrad
th (0). This provides

a minimum value for Jrad
th (0) and is used to reduce the fitting boundaries for β, which is

set to vary between 0.05 - 1. The methodology for this calculation will be discussed in

section 5.3. As such, γ is allowed to vary between 0 - 0.95. Since α+ β + γ ≡ 1 by defini-

tion, the expression can be fitted using only these two variables, improving confidence in
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Figure 5.4: The change in threshold current density with pressure for samples A (dia-
monds) and B (circles), at 85 K, normalised to atmospheric pressure. The trends for each
recombination pathway are denoted by dotted lines, with shading of equivalent colour
representing the associated uncertainty. The fit is attained through a least squares min-

imisation of both data sets and is given by the solid magenta line.

the obtained fit. A standard, non-linear least-squares method is utilised for fitting.

As seen from the magenta line in Fig. 5.4, a good fit to the data is achieved with values

of γ = 1.15 ± 0.02%, β = 6 ± 4%, α = 93 ± 4%. The uncertainty bounds for the fit

are not plotted since the result is too small to be visible. These results indicate that the

threshold current density at 85 K is dominated by defect related recombination, accounting

for around 90% of the total threshold. Transmission electron microscopy images highlight

a markedly lower dislocation density in the active region of the sample when compared to

the graded buffer layer, which is shown to be considerable [189]. It is therefore likely that

an overwhelming fraction of carriers are not reaching the active region, due to significant

non-radiative recombination localised at crystalline defects in the buffer layers, resulting

in a low injection efficiency.

In this model, a constant Sn content and strain was assumed across the width of the active

layer, as per Table 5.1. Since a graded buffer was used, it is expected that the Sn content

is indeed fixed. However, the strain calculated from XRD will be an average over 1 µm

of bulk material. It is therefore likely that there is a slight gradient in the strain profile.

This solely impacts the radiative trend through a minor position-dependent shift in the
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Figure 5.5: The percentage contribution of each process to the total threshold as a
function of increasing pressure, determined by extrapolating the fit obtained in Fig. 5.4.

The corresponding level of directness at each pressure is highlighted on the top axis.

bandgap energy, however the magnitude of strains involved and low radiative contribution

render this effect negligible.

Whilst growth quality will likely be able to greatly reduce the effect of defect-related

recombination as the field matures, this experiment provides strong evidence that carriers

are occupying indirect-valley states, even at temperatures as low as 85 K. By extrapolating

the fit to higher pressures and dividing by the total threshold current, it can be seen in

Fig. 5.5 that an increase of only 3.15 kbar, equivalent to a decrease in the directness

∆EL−Γ = 32 meV, is required for the L-valley leakage current to become equal to the

defect current at threshold (∼ 1 kA/cm2). An increase of a further 10 meV results

in a leakage current 4× greater than the defect current. This illustrates that even a

small to moderate decrease in the material directness results in a significant increase in

carriers occupying indirect states. Since carriers occupying indirect states are unable

to recombine radiatively in an efficient manner, they can therefore act as a source of

optical loss through free carrier absorption (FCA). The subsequent relaxation through

non-radiative recombination acts to further increase device temperature, broadening the

carrier distribution and further populating the L-valley, resulting in a thermal runaway

process [102].

In the above analysis, the threshold current density is shown to increase due to enhanced
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L-valley occupation arising from tuning the offset between the Γ- and L-valleys using

pressure. Similarly, the L-valley occupation may also be raised by increasing the ther-

mal broadening of the carrier distribution. Since small to moderate decreases in the

material directness elicited large degradation in device performance, it is important to

probe whether the increasing indirect state occupation may be responsible for limiting

the maximum operational temperature in electrically pumped, bulk devices.

5.3 Temperature Dependent Modelling

The feasibility of a given material or device heterostructure can be well assessed through

modelling of the gain spectra. The material gain is a measure of the intrinsic ability of a

semiconductor material to amplify light, and is entirely bandstructure dependent. Above

a certain carrier density, the Bernard-Duraffourg condition will be met and a positive

value for material gain will be produced. However, additional carrier injection will be

required to compensate for optical loss in the device and achieve net gain. The threshold

gain, gth, is therefore defined as the amount of material gain needed to overcome said

losses, and is given as

gth =
1

Γ
(αi + αm) =

1

Γ

[
αi +

1

2L
ln

(
1

R1R2

)]
, (5.6)

where Γ is the optical confinement factor, given by the overlap between the optical mode

and the active region. αi is the intrinsic optical loss per unit length due to processes such

as inter-valence band absorption (IVBA), carrier scattering and FCA. αm is the mirror

loss per unit length arising from non-perfect reflectivity at the cavity facets. Here, L is

the cavity length and R1,2 are the facet reflectivities. In the case of uncoated facets, the

mirror loss may be rewritten as αm = 1/L · ln(1/Rf ) where Rf = R1 = R2.

An ideal method for assessing feasibility of a material or device heterostructure at higher

temperatures would be to model the temperature-dependent gain. In doing so, the carrier

densities required to reach lasing threshold could be determined, which could be used to

model the threshold current density using the standard ABC model discussed in section

2.4.

In practice, this requires accurate calculations of temperature-dependent IVBA, scattering

and FCA losses. Whilst IVBA losses may be accounted for by including inter-valence band
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transitions when calculating material gain from the bandstructure (to follow), FCA and

scattering losses are far more difficult to quantify. This stems from the fact that the

intraband transitions must be mediated by phonons to ensure momentum conservation.

As such, first principle calculations require knowledge of materials parameters such as

acoustic and optical phonon deformation potentials that are not documented for such

novel materials [103]. Calculations of these parameters using first principle methods such

as DFT are beyond the scope of this work. Other groups have attempted to quantify

FCA in GeSn alloys using analytical models such as those derived from classical Drude

theory, which requires knowledge of temperature- and carrier density-dependent carrier

mobilities [192], or from empirical equations derived from measurements of pure Ge [193].

Using such methods, Hong et al. claim that FCA becomes so strong that net positive

gain is only achievable for bulk alloys with <18% Sn for any level of injection (unstrained)

[192], a claim that is disproved by the observation of lasing in optically pumped devices

with in excess of 20% Sn two years prior [138].

Since a physically accurate and temperature-dependent model for FCA and scattering is

unavailable, the scope of the modelling is limited to the material gain, specifically the min-

imum carrier density required to satisfy the Bernard-Duraffourg condition.. By neglecting

optical loss processes, a lower boundary for the threshold carrier density, known as the

transparency carrier density, is obtained. This allows for assessment of the suitability of

GeSn as a bulk active region material from a fundamental bandstructure perspective.

5.3.1 Bulk Gain Modelling

With knowledge of the bulk active region bandstructure, calculated using the 8-band

strain-corrected Kane model of Sec. 4.2.3, the material gain for a given photon energy can

be determined by integrating over a truncated range of the Brillouin zone and summing

over transitions between the conduction and valence bands as

G(ℏω) =
πq2

nrcε0m2
0ω

∑
c,v

∫∫∫
dkxdkydkz

(2π)3
|e⃗ · Pcv|2 × δ(Ec − Ev − ℏω)(fc − fv). (5.7)

Here, q is the electron charge, nr is the wavelength dependent refractive index, ε0 is the

permittivity of free space, c is the speed of light, m0 is the electron mass, ω is photon

angular frequency. |e⃗ ·Pcv|2 is the momentum matrix elements which are determined from

the eigenvectors of the 8-band Hamiltonian.
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Eqn. 5.7 assumes each state can be modelled using a perfect delta function. In practice,

both carrier-carrier and carrier-phonon interactions broaden the state, resulting in a finite

state lifetime which is characterised by the intraband relaxation time, τ . Thus, the delta

function is replaced by a broadened distribution of states which are able to contribute

to the gain at a specific photon energy. To fully incorporate the effect on the calculated

material gain, τ should be calculated for each scattering interaction, ensuring the correct

temperature, carrier density and k-space dependencies. In practice, this again requires

knowledge of material properties, such as phonon deformation potentials, that have not

been parameterised for these materials. A standard hyperbolic secant lineshape given by

S(ℏω) =
1

δπ
sech

(
Ec − Ev − ℏω

δ

)
, (5.8)

is therefore adopted. Here, δ = ℏ/τ is the linewidth (full-width at half-maximum). A

lack of literature is available for the form of the linewidth in bulk devices. As such, a

simple temperature-dependent carrier lifetime, τ = 100 fs × 300 K/T is adopted based

on the reporting of quantum well based devices [194]. The choice of linewidth model has

negligible effect on the qualitative trends observed in this work, but is included in the

model for future work on materials requiring more quantitative gain calculations.

fc(v) is the Fermi-Dirac distribution describing the thermal distribution of electrons at

quasi-equilibrium, defined as

fc(v) =

[
1 + exp

(
Ec(v)(kx, ky, kz)− Ef,c(v)

kBT

)]−1

(5.9)

where Ef,c(v) is the conduction (valence) quasi-Fermi level. The quasi-Fermi levels are

determined for a given injection by iterating an initial trial value until convergence is

reached for the chosen carrier density. The carrier densities for the conduction and valence

bands in bulk materials are given by

n3D =
∑
i ∈ c

∫∫∫
dkxdkydkz

(2π)3

[
1 + exp

(
EΓ

i (kx, ky, kz)− Ef,c

kBT

)]−1

+ 8

(
mdos

L kBT

2πℏ2

)3/2

F1/2

(
EL

c − Ef,c

kBT

)
(5.10)

and

p3D =
∑
i ∈ v

∫∫∫
dkxdkydkz

(2π)3

[
1 + exp

(
Ef,v − Ev

i (kx, ky, kz)

kBT

)]−1

, (5.11)
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respectively. The left-most term in Eqn. 5.10 denotes the carrier density of the conduction

band in the Γ-valley and is determined directly from the 8-band k · p bandstructure. The

second term accounts for carriers in the L-valley by using the semi-classical Thomas-Fermi

density of states for parabolic bands. mdos
L is the density of states effective mass and F1/2

is short-hand for the Fermi-Dirac integral. Here, F1/2 is approximated using the treatment

of Fukushima in order to minimise computational cost, whilst ensuring high accuracy is

maintained across the full range of carrier injections used in this study. The factor of

8 arises from a 2× spin- and 4× valley-degenerate L-valley. Here, the k·p model is not

utilised to model the L-valley dispersion relation since the eigenstates of the system cannot

easily be obtained from symmetry arguments, and reliable empirical parameters for such

a new material system are not currently available.
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Figure 5.6: The Energetic positions of the VB (red, dashed) and CB (blue, dashed)
quasi-Fermi levels and the associated thermally broadened Fermi-functions (solid) for
0.5% bi-axially strained GeSn0.08 under an injection of 1×1020 cm−3. The probability of
electron (blue) or hole (red) occupation is given by the top axis, whilst the bandstructure

is illustrated in grey.

When computing the bandstructure, the chosen range in |k| must ensure sufficient states

are calculated to avoid saturation at high temperatures and injections. Fig 5.6 illustrates

the bandstructure of bulk GeSn0.08 with a compressive strain of 0.5% at 300 K. These

variables were selected to produce the least favourable configuration for gain within the

range of values considered in this study, thus requiring the highest injection carrier densi-

ties. The solid blue and red lines represent the conduction and valence Fermi distributions

under a very high injection of 1× 1020 cm−3, respectively. At these levels of injection, a
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|k|-range of 0-1.5 nm−1 is the minimum necessary to ensure an adequate number of states

in the LH band. Whilst carriers at higher |k| will not contribute to gain, calculation of

the states is required to achieve an accurate estimate of the valence band quasi-Fermi

level, which is key in determining transparency.

5.3.2 Temperature Dependent Gain in Bulk GeSn

In order to determine the feasibility of bulk GeSn as an active medium, the gain spectra

were calculated as a function of injected carrier density and temperature. The trans-

parency carrier density was then extracted for each temperature and plotted.

Figure 5.7: a) Gain spectra calculated as a function of increasing injection carrier
density between 0.8-3×1018 cm−3 for GeSn0.105, with a bi-axial strain of -0.27% at RT. b)
illustrates the peak gain as a function of the carrier density, showing how the transparency

carrier density is obtained through bisection of the data.

Initially, the active region of the devices in section 5.2, with a Sn composition of 10.5%

and a residual compressive strain of -0.27%, were modelled. For these calculations, a

set of 21 carrier densities were modelled per temperature point. A subsection of the

RT gain spectra as a function of increasing carrier density are illustrated in Fig. 5.7

a), whilst Fig. 5.7 b) illustrates the threshold, determined from an interpolated fit of

the gain peaks as a function of injection using bisection. Since the transparency carrier

density was determined through interpolation, the accuracy of the root was optimised by

decreasing the range of carrier densities used. To do this, the transparency point was

initially estimated using the analytical equations of the parabolic band approximation.

Bounds for the carrier density sweep were then taken to be plus or minus an integer
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Figure 5.8: a) Transparency carrier density with temperature (blue), and the distribu-
tion of those carriers between the Γ (orange) and L-valleys (green). The white circular
marker indicates the temperature at which over 2% of carriers are occupying the indirect
valley. b) illustrates the same relations for GaIn0.33AsSb0.9 to highlight the difference

when using material with high levels of directness.

multiple of the calculated value. This process was repeated for 11 temperatures between

0 and 300 K.

Fig. 5.8 a) shows the transparency carrier density as a function of temperature for the

GeSn devices, indicated by the solid blue line. ntr was subsequently used to calculate

the quasi-Fermi energies, from which Eqn. 5.10 was decomposed to calculate the Γ and

L-valley carrier concentrations. These are represented by the orange and green lines, re-

spectively. At low temperatures, the material has transparency densities akin to standard

III-Vs at ∼ 3×1016 cm−3. This is illustrated by way of comparison with the III-V-Sb

material system to be discussed in the following chapter, shown in Fig. 5.8 b). Below

90 K, the Γ-valley carrier density accounts for more than 98% of the threshold carrier

density, indicating that almost all injected carriers occupy direct states. This is in good

agreement with the experimental results of the previous section where only ∼ 1% of the

threshold current was attributed to L-valley leakage at 85 K.

Above 90 K, the density of indirect carriers at transparency exceeds 2%, marking a signif-

icant change in the observed trend. This is therefore denoted as the break-point tempera-

ture. As the temperature is increased further, the fraction of injected carriers occupying

indirect states increases. As such, a higher density of total carriers is required to achieve

the necessary direct valley density for transparency. At only 150 K the density of car-

riers in the Γ- and L-valleys are equivalent. At RT, the transparency carrier density is
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1.75 × 1018 cm−3, ∼ 50× greater than at 50 K. By comparison GaIn0.33AsSb0.90 elicits

a RT threshold only 13× greater than at 50 K. This disparity stems primarily from the

difference in directness. At RT nL accounts for 88.5% of the transparency carrier density.

By comparison, the large levels of directness in GaIn0.33AsSb0.9 results in a RT L-valley

percentage just 0.81% of ntr.

Since this metric represents the minimum carrier density in the L-valley needed to produce

gain, real devices with this composition would exceed 50% indirect occupancy at 150 K.

Thus, this is likely limiting the operational temperature of current generation devices

and suggests high temperature lasing through electronic pumping is not practicable using

this composition. It is therefore necessary to investigate the parameter space of bulk

growth, which encompasses the Sn composition and some small residual levels of strain,

to determine whether RT operation may be feasible for alternative compositions.

5.3.2.1 Residual Strain Optimisation

The active region of the investigated devices has a quoted strain of -0.27%, determined

through XRD reciprocal space mapping measurements conducted by the grower [189]. As

discussed previously, increasing the compressive strain increases the energy of the Γ val-

ley minima at a faster rate than the L-valley, resulting in a reduced material directness.

Therefore, it is necessary to assess how much this small residual compressive strain affects

Figure 5.9: a) Energetic positions of key band extrema in GeSn0.105, as a function
of strain, with respect to the unstrained VB edge. b) Highlights how the Γ-L splitting
changes with strain and increasing temperature, showing marginally increased directness
at higher temperatures, and rapidly increasing directness with increasing tensile strain.
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the temperature dependence of the transparency carrier density reported in the previous

section. Additionally, evaluating whether the reduction of compressive strain or the inclu-

sion of small tensile strains could yield large performance improvements is essential for

informing next-generation device design.

The bounds for the residual strain values are taken to be -0.5 to +0.5%, representing a

rough upper limit for achievable values in bulk devices. Fig 5.9 a) illustrates the effect of

strain on the flat band edges of the device at RT, highlighting the lifting of degeneracy

in the VB and the change in offset between the Γ and L minima. The material directness

as a function of strain is further highlighted in Fig 5.9 b) for temperatures between 50-

300 K. This illustrates that eliminating residual compressive strain would result in an

increase in directness in excess of 20 meV, while introducing a tensile strain of the same

magnitude would result in a ∼50 meV increase. Since a decrease in directness of just 30

meV was shown to have a significant deleterious effect on the experimentally observed

device performance, it can be postulated that even small residual strains may play an

important role in determining thresholds and maximum operational temperatures.

The process outlined in section 5.3.2 is again utilised for a 10.5% Sn alloy, and repeated

for -0.5%, 0.5% and unstrained material. Fig. 5.10 a) depicts the compressively strained

case. At 50 K, a marginally lower threshold of 1.5×1016 cm−3 is observed compared to

the unstrained material, shown in Fig. 5.10 b). However, the L-valley occupation at

transparency is significantly higher for all temperatures, stemming from a decrease in

directness of 20 meV. As such, at transparency, 50% of carriers occupy the L-valley at

Figure 5.10: Transparency carrier density as a function of temperature (blue), and the
distribution of those carriers between the Γ (orange) and L-valleys (green) for a) -0.5%,

b) 0% and c) 0.5% strained GeSn0.105, respectively.
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just 75 K, markedly less than the 150 K observed in unstrained material. At RT indirect

carriers account for 96% of ntr. Despite this, the transparency carrier density is only 1.3×

higher for the compressively strained material when compared to unstrained GeSn0.105.

In contrast, the inclusion of tensile strain significantly improves the VB and CB band-

structure from a gain perspective, and therefore lowers the transparency carrier density.

At 50 K, the required carrier density is equal to that of the compressively strained mate-

rial. However, at high temperature, threshold is over 3× lower than for the compressively

strained material and 2.5× lower than unstrained material. Carriers are equally divided

between the L- and Γ-valleys at 250 K, an increase of 100 K over unstrained material.

In the interest of applications, the inclusion of 0.5% tensile strain drastically alters the

emission wavelength, pushing it to 3.4 µm at RT compared to 2.55 µm for a compressive

strain of the same magnitude.

To better understand the origins of the observed differences, the behaviour of the quasi-

Fermi levels are analysed as a function of carrier density. Fig. 5.11 a) represents the

difference between the VB quasi-Fermi energy and the VB edge at 50 K. Both the com-

pressive (red) and tensile (blue) materials show VB Fermi levels closer to, or further into

the VB for any given carrier injection. This physically stems from a decrease in the VB

DoS due to strain induced degeneracy lifting. As depicted in Fig. 5.11 b) for tensile mate-

rial, the LH band is ‘light’ in the growth direction, but ‘heavy’ in-plane and vice-versa for
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Figure 5.11: a) The relative position of the VB quasi-Fermi level with respect to the
valence band edge as a function of increasing injection for -0.5% (red), 0% (black) and
0.5% (blue) strained GeSn0.105 at 50K. b) Effect of strain on the VB structure in the kz

and kxy directions.
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the HH band. The result is that the DoS is comparable for compressive or tensile strains

of equal magnitude [84]. As such, the rate of movement of the VB quasi-Fermi energy

with carrier density are equivalent for the strained bulk materials in Fig. 5.11 a).
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Figure 5.12: a) The relative position of the CB quasi-Fermi level with respect to
the valence band edge as a function of increasing injection for -0.5% (red), 0% (black)
and 0.5% (blue) strained GeSn0.105 at 50K. Dotted lines of comparable colour show the
relative energy of the L-valley minima with respect to the Γ point energy, highlighting
the change in directness with strain. b) The difference between the quasi-Fermi splitting
and the bandgap for each strain state. A value of 0 indicates the carrier density for which

the Bernard-Durrafourg condition is satisfied.

Fig. 5.12 a) depicts the difference between the CB quasi-Fermi energy and the CB edge

at 50 K, with dotted lines of equivalent colour denoting the energies of the L-valley

above the CB edge for each strain state. Below 4×1016 cm−3, the CB quasi-Fermi level

penetrates into the CB equally for a given carrier density independent of the material

strain. This illustrates that, at low temperatures, the thermal broadening is low enough

that the carriers are confined to the Γ-valley. As the carrier density increases, the effects

of directness become apparent. For the compressively strained material, the decreased

directness results in a markedly reduced rate of penetration into the CB with carrier

density above 4×1016 cm−3. The effect of the L-valley on the movement of the CB quasi-

Fermi level becomes apparent at 3×1017 cm−3 and 7×1017 cm−3 for unstrained and -0.5%

tensile strained material, respectively.

These two effects combine in Fig. 5.12 b) which illustrates the difference between the quasi-

Fermi level splitting and the bandgap. It is observed that the transparency condition

is satisfied at 1.5×1016 cm−3 for strained material and 2.5×1016 cm−3 for unstrained

material. At these low carrier densities, the movement of the CB quasi-Fermi level is
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Figure 5.13: The separation between the a) VB quasi-Fermi level and the VB edge,
b) CB quasi-Fermi level and CB edge, and c) quasi-Fermi separation and bandgap, as a
function of carrier density at RT, for -0.5% (red), 0% (black) and 0.5% (blue) strained

GeSn0.105, respectively.

equal for all modelled strain states, thus the improvement in the transparency carrier

density at low temperature can be solely attributed to the the improved VB DoS as a

result of degeneracy lifting.

The same calculations were subsequently repeated at 300 K in Fig. 5.13 a), b), and

c). The effect of thermal broadening is to smooth out the trends observed at 50 K. An

improvement in the VB DoS is again observed in a) for both strained cases, however

the penetration of the CB quasi-Fermi level into the CB shown in b) is distinct for each

strain state at 300 K, even at low injection. A carrier density ∼10× higher is required

for the CB Fermi-level to reach the CB band edge for the compressively strained material

compared to tensile. Thus, for residual compressive strains, the benefits of lower VB

DoS is offset by the low levels of directness, resulting in transparency being achieved at

a carrier density marginally higher than unstrained material. Contrastingly, for tensile

GeSn0.105, improvements to the DoS is the combination of both improved VB DoS and

increased directness.

Despite a 2.5× lower transparency carrier density than unstrained material, the fraction

of indirect carriers at RT in 0.5% tensile GeSn0.105 remains in excess of 60%. It can be

concluded that the small residual strains available to bulk devices are unable to provide

sufficient improvement in carrier confinement to make RT lasing feasible when using 10.5%

Sn devices. Additionally, in bulk devices where layers are thick, such levels of strain would

mean the layer exceeds the critical thickness, resulting in high defect densities that would
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greatly hinder performance. As such, other metrics should be considered for tuning the

material directness.

5.3.2.2 Bulk Composition Optimisation

Since tuning of the strain achievable in bulk structures with 10.5% Sn is unable to provide

the necessary levels of k-space carrier confinement, the effect of varying Sn content is

investigated for unstrained alloys. Fig. 5.14 depicts the L-Γ splitting as a function of Sn%

and temperature. It can be seen that an increase of 2% Sn constitutes a ∼40 meV increase

in material directness, with in excess of 20% Sn required to achieve levels comparable with

standard III-V materials.

The calculations of transparency carrier density as a function of temperature are repeated

for Sn content between 6-22%, constituting the range of compositions attained for opti-

cally pumped bulk devices reported in the literature. Larger Sn-content alloys are excluded

from the analysis since the validity of the virtual crystal approximations becomes uncer-

tain due to potential ordering effects, and the k·p model is known to produce spurious

solutions for very low bandgap materials [195].

Fig. 5.15 again illustrates the transparency carrier density and the distribution of the

carriers between the Γ and L-valleys as a function of temperature. Each subplot displays

the Sn composition and the RT material directness. As expected, ntr decreases with

increasing Sn content for all temperatures. In the low Sn content alloys (6-10%), the direct

Figure 5.14: Directness as a function of temperature and Sn% in unstrained alloys.
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valley carrier density at transparency is low. This reflects that the Bernard-Durraforg

condition is achieved despite preferential population L-valley states. Since the L-valley

DoS is significantly larger than the Γ-valley, the change in CB quasi-Fermi level with

Figure 5.15: Transparency carrier density (blue) as a function of temperature, and the
distribution of those carriers between the Γ (orange) and L-valleys (green), for increasing
Sn content between 6-22%. Each subplot illustrates the level of directness at RT for the

given alloy.
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injection, dEfc/dn, is notably lower. Transparency is therefore achieved primarily through

greater penetration of the VB quasi-Fermi level into the VB, requiring a significantly

higher carrier density.

Between 6-10% Sn, nΓ increases since the CB edge has greater Γ character, raising

dEfc/dn. Above 10%, at low temperature, a marginal decrease in ntr is observed with

increasing Sn content. This is the culmination of two distinct processes. Firstly, the di-

rectness becomes large enough that carriers are well confined to the Γ valley at the levels

of injection required to reach transparency. Secondly, there is a notable decrease in the

charge carrier effective masses with Sn content. Fig 5.16 a) shows the effective masses of

the Γ electrons (black), and heavy (dark blue) and light (light blue) holes, respectively,

normalised to their values at 6% Sn. The decrease in effective mass for all carriers results

in marginally lower CB and VB density of states, raising dEfc/dn and dEfv/dp such that

ntr is reduced. These two basic premises can be used to explain all aspects of the observed

trends.

To better depict the effect of Sn content on L-valley occupation, the transparency carrier

density is calculated as a function of temperature for Sn contents between 6-22% in 1%

increments. Fig. 5.16 b) illustrates the variation of nL/ntr with temperature and Sn

composition. Contour lines represent indirect occupations of 40%, 20%, 10%, 5% and

2%, from blue to red, respectively. From this, it is observed that it is possible to limit

Figure 5.16: a) the carrier effective masses of the CB, and the LH and HH bands, as
a function of Sn content, normalised to the value at 6%. b) The ratio of carriers in the
L-valley at transparency to the total transparency carrier density as a function of Sn
content and Temperature. Coloured contours depict 2%, 5%, 10%, 20% and 40% from

red to blue, respectively.
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the fraction of indirect carriers to less than 2% for temperatures below 200 K by using

commonly utilised GeSn0.15, as per [22]. This suggests that there may indeed be scope for

higher temperature operation than current devices should defect formation be suitably

suppressed. However, at RT, nL/ntr is in excess of 40% for alloys with 15% Sn, and even

20% Sn material still has 10% of carriers residing in L-valley states.

As such, RT lasing may only be attainable in GeSn alloys with in excess of 20% Sn.

Near RT operation was experimentally demonstrated in devices with such compositions,

requiring significant pump power densities. However, deployment as an active region in

electrically pumped bulk devices comes with notably more challenges in terms of design.

These include, but are not limited to:

1. Inherent difficulty with incorporating Sn content above 15% due to low solubility.

2. The need for higher Sn content buffers and barriers to reduce compressive strain

in the active layer, introducing larger defect densities through heightened lattice

mismatch with Ge and/or Si.

5.4 Intervalence Band Absorption

The intervalence band absorption is calculated as per Eqn. 5.7, with the conduction-

valence band transition matrix replaced by the intervalence band transition matrices,

denoted |M|2. In the following section, the derivation of the transition matrix elements

for IVBA processes, as described in [104], are reiterated for clarity. The k-dependent

matrices can be determined by noting that the valence band wavefunctions can be written

to first order using perturbation theory as

|J,mJ ,k⟩ = eik·r

(
|J,mJ⟩+

ℏ
m0

∑
l

⟨ul|k · p |J,mJ⟩
E0 − El

|ul⟩

)
, (5.12)

where |J,mJ⟩ is the valence band state at k = 0 with total angular momentum J and

z-projection MJ . Summation over the states |ul⟩ is to account for mixing with states

other than the valence bands included explicitly in the basis set.
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By definition, the transition matrix elements are then given as

M = ⟨i,k| ê · p |j,k⟩ (5.13)

=
∑
α,β

eαℏkβ

(
δi,jδα,β +

2

m0

∑
l

⟨i, 0| pα |ul⟩ ⟨ul| pβ |j, 0⟩
E0 − El

)
, (5.14)

where α, β = x, y, z and i, j are states belonging to the basis set.

Recalling that the Hamiltonian takes the form

Hij =

[
Ej(0) +

ℏ2k2

2m0

]
δij +

ℏ2

m2
0

∑
α,β

kα,β
∑
l

⟨i, 0| pα |ul⟩ ⟨ul| pβ |j, 0⟩
E0 − El

, (5.15)

which, within the context of the 6-band model, can be expressed in terms of the standard

Luttinger-parameters as

H =



P +Q −S R 0 −S/
√
2

√
2R

P −Q 0 R −
√
2Q

√
3/2S

P −Q S
√

3/2S+
√
2Q

H.C. P +Q −
√
2R+ −S+/

√
2

P +∆SO 0

P +∆SO



(5.16)

where H.C. denotes the hermitian conjugate, the transition matrix elements for a given

transition can be determined through simple comparison. The term
∑

l ⟨i, 0| pα |ul⟩ ⟨ul| pβ |j, 0⟩ /(E0−

El) in Eqn. 5.12 can be found by equating Eqns. 5.15 and 5.16. For example, considering

transitions between the HH and SO bands, the mixing terms are given by:

∑
l

⟨1| pα |ul⟩ ⟨ul| pβ |6⟩
E0 − El

=
m0√
2

[√
3γ2(δαxδβx − δαyδβy)− i

√
3γ3(δαxδβy − δαyδβx)

]
,

(5.17)

and

∑
l

⟨4| pα |ul⟩ ⟨ul| pβ |6⟩
E0 − El

=
m0

2
√
2

[√
3γ3(δαxδβz + δαzδβx + iδαyδβz + iδαzδβy)

]
. (5.18)

The polarisation averaged transition matrix elements can then be calculated using Eqn.

5.13, where e2α is taken to be 1/3 in all directions and the resultant matrix elements are
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Figure 5.17: IVBA spectra for HH-LH (blue), LH-SO (grey) and HH-SO (red) transi-
tions in GeSn0.18 under an injection of 1×1019 cm−3 a) calculated from the 6-band k·p

method and b) taken from the EPM model of [196].

summed to account for the double spin-degeneracy of each band. The elements for HH

to SO and LH to SO transitions are therefore

∑
| ⟨i| ê · p |j⟩ |2HH→SO = 2ℏ2(γ22 + γ23)(k

2
x + k2y) +

ℏ2

2
γ23(k

2
z + k2), (5.19)

∑
| ⟨i| ê · p |j⟩ |2LH→SO =

2

3
ℏ2γ22(3k2z + k2) +

3ℏ2

2
γ23(k

2
z + k2), (5.20)

where k2 = k2x+k
2
y +k

2
z . Since the bandstructure is calculated for positive values of kx,y,z,

the resultant IVBA profile is multiplied by 8 to account for the remaining octants of the

Brillouin zone.

Fig. 5.17 a) and b) illustrate the IVBA as determined by the 6-band Hamiltonian used

in this work, and using EPM calculated bandstructure, taken from [196]. The spectra

show the contributions from transitions between each pair of VBs for 18% GeSn under

an injection of n = 1× 1019 cm−3. HH-LH and HH-SO transitions show elongated tail

absorption features which likely stem from differences in the calculated bandstructure at

high-k where the k·p method becomes less accurate. However, good agreement is achieved

for the peak absorption magnitude of each interband transition. This reaffirms that

Eqns. 5.19 and 5.20 are suitably accurate models for the interband matrix elements. The

previous sections have illustrated that high Sn content and/or tensile strain are required

to reduce transparency carrier density. Here, the effect of varying these parameters on the

IVBA loss is analysed and used to reassess the optimal composition for a bulk GeSn laser.

Fig. 5.18 illustrates the RT IVBA, interband absorption and net absorption as a function

of injected carrier density for GeSn with 10%, 16% and 20% Sn, respectively. At 10%

Sn, the bandgap is such that the emission peak lies close to the HH-SO IVBA maxima.
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Figure 5.18: The IVBA, interband absorption (material gain) and net absorption as a
function of carrier density for a) 10%, b) 16% and c) 20% GeSn alloys. Positive values

denote absorption while negative values represent gain.

Since large carrier densities are required to achieve gain, stemming from high L-valley

occupation, there is comparatively low gain compared to IVBA, resulting in small levels

of net gain achievable only for injections in excess of ∼1019 cm−1.

For 16% Sn, depicted in b), the peak gain for a given injection is heightened as a result

of increased levels of directness. The bandgap reduction shifts the emission spectra to

lower energies, such that the peak gain coincides with a minima in the IVBA spectra
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Figure 5.19: The RT transparency carrier density calculated with IVBA (blue) and
without IVBA (orange), indicating that increasing Sn% can begin to degrade performance

due to heightened IVBA loss from LH-HH transitions.

corresponding to LH-SO transitions. Despite improved direct-valley occupation, increas-

ing the Sn content further does not yield greater net gain for a given transition. This is

illustrated in Fig. 5.18 c). At this composition, the peak gain is reduced and the spectra

is broadened for higher injections since the CB DoS decreases with increasing Sn content.

The emission peak also shifts towards lower energies, where HH-LH IVBA is strong. These

effects combine such that net gain is only achievable for energies close to the LH-SO peak,

while strong absorption inhibits carriers close to the band edge contributing to gain.

To analyse the effect of IVBA losses on potential device performance, the transparency

carrier densities reported in section 5.3.2.2 are recalculated for 8-20% Sn content alloys at

RT with IVBA included. Fig. 5.19 illustrates that increasing Sn content to improve the

levels of directness no longer necessitates improved transparency carrier densities when

IVBA is accounted for. Instead, ntr is minimised for Sn contents around 17% in unstrained

material. This occurs since the bandgap energy aligns with the spectral minimum between

the LH-SO and HH-SO IVBA peaks. In practice, higher current densities will be required

to overcome other optical losses such as mirror loss and carrier scattering processes. Since

the peak blue shifts with increasing injection, a nominally higher Sn fraction would be

needed to realign the gain peak with the IVBA minimum.

It should be noted that gain and IVBA are inherently linked, since IVBA will deplete holes

from the valence band which could otherwise have contributed to gain. Full modelling

of the phenomena would therefore require knowledge of the inter-band and intervalence
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band transition rates. The calculation illustrated in this work is typical of historical

presentations of the phenomena in literature, and accurately represents the IVBA loss

and interband gain assuming fixed Fermi-levels.

5.5 Auger-Meitner Resonances

To raise the maximum operational temperature in devices, primary emphasis has cur-

rently been placed on increasing material directness by either incorporating tensile strain

though various means, or by pushing for higher Sn content layers. However, the impact

of doing so on other aspects of the bandstructure is often neglected, resulting in device

heterostructures that are more challenging to fabricate yet do not yield significant perfor-

mance improvements [22].

Figure 5.20: The bandgap as a function of Sn content and bi-axial strain. Composi-
tions producing negative or indirect bandgaps are neglected and shown in white. White
contours depicts the difference between the bandgap and spin-orbit splitting energies

(Eg −∆SO). The white marker indicates the experimentally investigated devices.

In previous sections, the effects of strain and Sn content on the VB degeneracy and

carrier effective masses have been discussed with regards to indirect valley occupation, and

therefore their qualitative effects on performance. However, the effects on the spin-orbit

splitting energy, ∆SO, relative to the bandgap energy has not been explored. This metric

is of paramount importance to device performance since the SO band is energetically

removed from the band edge, resulting in near 100% electron occupation under injection.

As such, transitions between the SO band and the LH and HH bands can result in large

optical and/or carrier losses through CHSH Auger-Meitner recombination.
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Fig. 5.20 depicts the bandgap of GeSn as a function of Sn content and strain at RT. The

coloured area denotes compositions where a direct, positive bandgap is obtained. White

contour lines illustrate the SO splitting energy with respect to the bandgap, Eg −∆SO,

and the investigated device is represented by the white, circular marker. It is evident that

the increase in Sn content and/or tensile strain required to improve material directness

results in a shift towards a CHSH resonance where Eg and ∆SO become equal. However,

for higher Sn content and/or tensile strain, the resonance can be avoided. This comes at

the cost of a greatly reduced bandgap which is known to promote CHCC Auger-Meitner

recombination [12].
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Figure 5.21: The exponent scaling the cubic-like carrier densities in Eqns. 5.21 and 5.22
as a function of strain and Sn content at RT for the a) CHSH and b) CHCC processes.
Dashed lines depict contours where the Auger-Meitner activation energy is kT, 2kT or

4KT, respectively.

To evaluate the trade off between CHSH and CHCC recombination, the activation energies

for both processes are calculated as a function of strain and Sn composition using the

simple models outlined in section 2.4.3. Since the Auger-Meitner current densities are

given as

Jchsh = C0,chsh p
2n exp(−Ea,chsh/kBT ), (5.21)

Jchcc = C0,chcc pn
2 exp(−Ea,chcc/kBT ), (5.22)

the activation energies are used to determine exp(−Ea/kBT ) for both processes at RT,

illustrated in Fig. 5.21 a) and b), respectively. Dark regions denote compositions where

the right most term in Eqns. 5.21 and 5.22 are high, while light regions highlight compo-

sitions where this term is low, resulting in reduced Auger-Meitner current densities. For
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Figure 5.22: Eqns. 5.21 and 5.22 as a function of Sn content and increasing bi-axial
tensile strain for a) CHSH and b) CHCC processes, respectively. Each dashed contour

line equates to a 10× reduction in the total factor (from red to blue).

the CHSH process in Fig. 5.21 a), a resonance is observed for unstrained material with

∼ 14% Sn, occurring at lower Sn fractions with increasing tensile strain. Dotted contour

lines represent the compositions for which the activation energies are 1×, 2× and 4× the

thermal energy at RT, corresponding to values 2.7×, 7.4× and 54.6× lower than at the res-

onance points. However, the reduction in CHSH comes at the cost of a reduced bandgap,

resulting in an increase in the CHCC exponential factor. It is therefore prudent to see

whether the decreased L-valley occupation at these compositions is able to sufficiently off-

set the effect of activation energy reduction. To do so, the exponentials displayed in Fig.

5.21 are premultiplied by np2 and pn2 for CHSH and CHCC, respectively. Here, n and

p are the electron and hole carrier densities calculated at transparency. In this analysis,

only direct Auger-Meitner transitions are considered, and hence n = nΓ such that n ̸= p.

The results of the premultiplication for CHSH and CHCC are displayed in Fig. 5.22 a)

and b), respectively.

It is observed that the rapidly increasing activation energy for the regime in which

Eg < ∆SO combines with decreased transparency carrier densities offering a pathway

to significant CHSH reduction through heightened Sn content and tensile strain. Each

dotted contour line in Fig. 5.22 a) depicts a 10× reduction in np2exp(−Ea,chsh/kBT ). Con-

versely, the effect of lower transparency carrier densities acts to offset the lower activation

energies for the CHCC process. The result is that pn2exp(−Ea,chcc/kBT ) is comparatively

insensitive to composition, with marginal increases <<10× observed at the highest Sn
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contents and tensile strains. As such, it can be expected that the overall Auger-Meitner

currents will be reduced in devices utilising high Sn fractions and/or tensile strains.

The above analysis is dependent on a number of assumptions. Firstly, the theoretical

model of Beattie and Landsburg is adopted, which assumes parabolic bands and nom-

inally includes only direct-transitions, neglecting phonon-mediated Auger-Meitner pro-

cesses [197]. Since the VBs exhibit fairly strong non-parabolicity, it is unclear the extent

to which these approximations are valid. However, greater accuracy will be attained for

higher Sn content and tensile strains since the required injection for transparency is lower,

resulting in lower occupation of high-k states where non-parabolicity is higher. Secondly,

it is assumed that we are able to operate within the framework of the Boltzmann approx-

imation. Lastly, the values of the C0 coefficients are not discussed during this analysis

since they are dependent on the matrix elements of the given material. The remarks

therefore assume that the value is less sensitive to composition than the carrier densities

and activation energies.

Under these assumptions, it is expected that the employed model will underestimate the

activation energies, however the general trends should be considered when designing de-

vices. In future, full calculations of the Auger-Meitner coefficients could be conducted util-

ising EPM modelled bandstructure using Takeshima’s Green’s Function based approach

[198], [199]. In doing so, the impact of IVBA and Auger-Meitner related losses could be

compared such that the heterostructure design could be optimised accordingly.

5.6 Summary & Conclusions

It has been shown experimentally that defect related recombination is the dominant mech-

anism for raising the threshold current density in first generation, electrically injected bulk

GeSn lasers. The use of high hydrostatic pressure measurements at low temperature also

uncovered an appreciable leakage current pathway in which electrons occupy indirect L-

valley states. Temperature dependent modelling of bulk gain was used to determine the

lower boundary of L-valley leakage from a purely bandstructure perspective through anal-

ysis of the transparency carrier density. Increasing Sn content results in heightened levels

of directness which decreases the required carrier density. However it is found that the

fraction of indirect carriers at RT remains in excess of 10% for material with the highest Sn

content (largest levels of directness), which would greatly hinder key device performance
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metrics. Incorporation of small tensile strains may provide a pathway for comparably

minor improvements, but at the cost of significantly more complicated heterostructure

designs for typical FP lasers.

By including the effects of IVBA, it is found that increasing Sn content does not lead to

improved transparency carrier densities due to strong LH-HH absorption in small bandgap

materials. It should be noted that a balance must be struck between large Auger-Meitner

currents and strong IVBA when choosing an optimal active region Sn content for a bulk de-

vice. Current estimates show Sn fractions around 16-17% may be optimal due to decreased

IVBA, however, knowledge of typical loss values and the Auger-Meitner coefficients would

allow this value to be more accurately determined. Optical loss values could be probed

experimentally using gain measurements [200], or by measuring the differential quantum

efficiency as a function of cavity length [201]. Auger-Meitner coefficients can be probed

theoretically [198], [199] in conjunction with standard lifetime measurements using layers

with high crystalline quality.



Chapter 6

Recombination Processes in

Epitaxially Grown GaInAsSb QW

Lasers on Si

6.1 Introduction

Type I based QW devices are currently able to access the 2.0 - 3.5 µm spectral range under

continuous wave (CW) operation at RT [8]. Such devices are based on the quaternary

AlGaAsSb and GaInAsSb alloys which are wide and narrow gap, respectively, thus forming

good barrier/cladding and well materials. Typically, the whole structure, other than the

wells, are grown to be lattice matched to GaSb, with only alloy compositions and layer

thicknesses varied [5].

By utilising this methodology, high powered type I lasers have been reported for emission

up to 2.5 µm, boasting 1.8 W output under CW pumping at RT with a 28% wall plug

efficiency [6], with hundreds of mW output achieved for emission above 3 µm [7]. At

this time, CW operation has been realised up to 3.44 µm [8], whilst pulsed devices can

reach 3.7 µm [9]. The low threshold current densities afforded by ICLs and their apparent

insensitivity to defects now makes them preferable for applications requiring emission

above ∼ 3 µm [202]. However, type I QW devices operating between 2.05-2.65 µm have

been reported with threshold current densities of less than 100 A/cm2, putting them

among the lowest of any FP edge emitting lasers [203]–[205].

112
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Despite this, the threshold current density of these devices remain highly temperature

sensitive. A literature review of devices by Eales et al. illustrates a strong increase in

threshold current density and reduction in characteristic temperature T0 (associated with

heightened temperature sensitivity) for devices with wavelengths between 2 and 3.75 µm

[91]. The degradation in performance with wavelength is most often attributed to 3 major

contributions:

1. A reduction in the bandgap energy requires the growth of more challenging GaInAsSb

and AlGaAsSb layers due to the presence of large miscibility gaps which can elicit

defective material [206]. It is also widely appreciated that in doing so, the refrac-

tive index contrast is reduced leading to lower optical confinement factors, and thus

less modal gain and heightened optical loss from increased overlap with the doped

cladding layers [207].

2. Assuming a fixed barrier composition, strain and QW thickness, the VB offset is

reduced with increasing wavelength until type II band alignment is achieved for

emission above ∼ 3 µm [4]. This can lead to large hole leakage currents which are

exacerbated when thermal broadening of the carrier distribution is high. Simultane-

ously, the CB confinement is heightened which can lead to carrier transport issues

in devices with multiple QWs.

3. Strong Auger-Meitner recombination processes close to RT. It has been shown that

devices emitting below 2 µm are dominated by strong CHSH recombination [208].

The Auger-Meitner recombination coefficient is minimised for emission at around

2.1 µm, producing devices with the lowest RT thresholds. Above this, CHCC and

CHLH processes become dominant and act to drastically increase the Auger-Meitner

coefficient further between ∼ 2.25 - 3.25 µm [91].

Epitaxial growth of such devices on Si would enable PICs and OEICs for environmental

and healthcare sensing applications to be produced in a cheaper and more scalable fashion

than current flip-chip bonding techniques. However, numerous growth-related issues can

lead to degraded performance. These include, but are not limited to, lattice, polarity

and thermal expansion coefficient mismatch, interfacial chemical reactions, and dopant

diffusion issues [209], as discussed in Chapter 1. As such, it is vital to characterise the

performance differences between devices grown on native III-V substrates and those on
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Si, placing emphasis on any changes in the dominant carrier recombination pathways to

help inform future growth.

In this study, temperature and pressure dependent characterisation techniques are em-

ployed to analyse devices operating ∼ 2.3 µm on Si and GaSb substrates. ‘2+6’ band k·p

modelling of the bandstructure and carrier distribution is then utilised to support exper-

imental findings, which suggest Shockley-Read-Hall (SRH) defect recombination, spatial

leakage of holes and heightened carrier occupation of L-valley states may result in the

heightened thresholds observed at RT in the devices on Si. In comparison, devices on

GaSb are strongly dominated by CHCC Auger-Meitner recombination.

6.1.1 Sample Information

Devices on Si substrates were provided by the group of Professor Eric Tournié at the

Université de Montpellier. The epitaxial stack is illustrated schematically in Fig. 6.1.

The active region contains two 9 nm Ga0.67In0.33As0.12Sb0.88 QWs, separated by a 25 nm

Al0.25Ga0.25As0.02Sb0.98 barrier. The active region is then sandwiched between 380 nm

thick Al0.25Ga0.25As0.02Sb0.98 waveguiding layers, which is clad using 1.3 µm of Al0.9Ga0.1−

As0.07Sb0.93. The InAs0.92Sb0.08 buffer layer is employed to act as a marker during pro-

cessing and is the layer through which electrons are injected [210].

A key merit of these devices is that they are grown on on-axis, (001) oriented Si with

only a 0.5◦ residual miscut, which makes it compatible with standard CMOS fabrication

processes [211]. By comparison, previous GaSb based QW lasers on Si were grown on

substrates with miscuts of around 5◦ since this acted to reduce the density of antiphase

domain boundaries [212]. In 2019 Delli et al. reported devices with defect densities of

3×107 cm−2 using strained AlSb/GaSb superlattices as a dislocation filter layer (DFL) on

4◦ miscut (001) oriented Si [213]. By contrast the upper bound for threading dislocation

density in the devices reported in this body of work is estimated at only 8.5×107 cm−2,

despite the absence of a DFL and growth on on-axis Si. Further information on the

growth of these structures can be found in the initial paper by the growers [210] and the

accompanying supplementary information document [214].

While nominal compositional data was provided by the growers and reported in [210],

to ensure internal self-consistency of the analysis, we also opt to determine the epitaxial
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structure by fitting digitised high resolution x-ray diffraction (HRXRD) data using kpy-

mod. Fitting was performed by Dr Dominic Duffy due to his extensive expertise with

the XRD technique. From this fitting we can make a number of statements. Firstly, the

dotted lines in the inset of Fig. 6.2 denote the calculated peak position for GaSb (blue)

and Si (red), assuming both are fully relaxed. It can be seen that these exactly match the

experimentally observed peaks, which confirms zero residual strain in the GaSb buffers.

Secondly, the occurrence of a singular peak at the GaSb diffraction angle reflects that the

AlGaAsSb waveguide, cladding and barrier layers are indeed all lattice-matched to GaSb.

Finally, Fig. 6.2 a) illustrates the fit using the composition data provided by the grower.

It can be seen that the active region interference fringes are shifted to smaller angles,

representing a smaller than expected in-plane strain (-1.2%). This potentially stems from

differences in lattice constant, elastic constants or quaternary interpolation approach [77]

between the programs used for fitting.

Fig. 6.2 b), shows the fit to the data using kpymod. In this simulation, the In content and

layer thickness of the QW were allowed to vary, as well as the barrier thickness. In reality,

altering the Sb and In content by the same amount would have similar effects on the lattice

Figure 6.1: Schematic diagram illustrating the device layer structure and content (as
reported by the grower [210]) and lateral contacting scheme, showing electron injection

through the n-doped InAsSb buffer. Relative layer thicknesses are not to scale.
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QW (pre-fit) QW (post-fit) Barrier (pre-fit) Barrier (post-fit)

Thickness (nm) 9 8.1 25 21.5
In (%) 33.0 38.9 - -

Table 6.1

constant, and therefore the observed HRXRD spectra. Thus, due to the quaternary make-

up of these layers, it is not possible to distinguish this difference using this method alone.

To limit the number of fitting variables, only the In content was varied. The updated

layer thicknesses and compositions used for modelling during the rest of this work are

given in table 6.1. Using these compositions, the QW in-plane strain is determined to be

-1.57% and excellent agreement with the experimental data is achieved.

The samples provided came in the form of two laser bars, denoted A and B, each containing

a number of 100, 80, 10 and 8 µm ridge devices, separated by 80 µm n-contact pads, as

illustrated in Fig. 6.3 a). The 8 µm ridges could not be tested in this work since the wire

on the clip used to contact the devices was too wide. RT LI curves were collected using

a probe station to identify working devices. A number of the remaining devices on both

bars were not used as the bars had not cleaved cleanly and there was visible evidence of
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Figure 6.2: Digitised HRXRD data, obtained from [210], illustrated by the black lines.
a) The simulated spectra using the values reported in the paper is illustrated in blue. b)

The orange line represents the fitted data using the internal database.
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Figure 6.3: Schematic depictions of a) The laser bars, highlighting the layout of the p-
and n-contact layers, and b) the devices pre-mounted on TO-headers.

crystallographic plane switching, resulting in irregular facets. Lasing was demonstrated

in one 100 µm and one 10 µm device per bar. These are hereafter referred to as BR100A,

BR10A, BR100B and BR10B, respectively. ‘BR’ denotes that the device is from a laser

bar, ‘100’ and ‘10’ refer to the ridge width of the given device, whilst ‘A’ and ‘B’ highlight

which bar they belong to.

Four TO header mounted devices were also obtained; two 100 µm and two 10 µm ridges.

These are denoted PM100A, PM100B, PM10A and PM10B, where ‘PM’ reflects the fact

that these devices are pre-mounted, ‘100’ and ‘10’ are the ridge widths and ‘A’ and ‘B’

are used to highlight the specific device of a given width.

The performance of these devices are compared to a broad area device grown on native

GaSb, operating at 2.35 µm, fabricated by the group of Professor Markus Amann at

Technische Universität Munchen. This device was previously reported on by former group

member Dr. Eales [95]. Any data from this device was obtained by Dr. Eales in 2018

and is reproduced here with permission.
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6.2 Temperature Dependent Measurements

6.2.1 Threshold Current Density

The laser performance for devices grown epitaxially on Si was initially investigated through

analysis of the threshold current density as a function of temperature. LI curves were

collected for three separate devices on Si and compared to the device on GaSb detailed

in the previous section. Two of the devices were selected from laser bar A: a broad area

100 µm ridge, BR100A, and a narrow 10 µm ridge, BR10A. LI curves from these devices

were measured by placing them in the Leybold closed cycle He cryostat. Here, the clip

fixed the position of the laser whilst providing the p-contact. Since the devices are top

contacted, the n-contact was made using silver epoxy paint between the contact pad and

the metal base plate. This configuration enabled measurements between 20-300 K. In

contrast, the pre-mounted, narrow 10 µm ridge device (PM10A) was measured using the

Oxford Instruments Optistat DN2 cryostat, permitting temperatures between 78-350 K.

For both set-ups, emission from a single facet was focused into a bifurcated fibre using a

calcium fluoride lens. The outputted signal was then split between an OceanOptics NIR

512-2.5 USB spectrometer for spectral measurements, and an Infrared Associates InSb

detector for obtaining LI curves. The general set-up was as described in section 3.1.

Fig. 6.4 illustrates the raw LI curves with increasing temperature for a) PM10A, b) BR10A

and c) BR100A, respectively. Whilst collecting data for PM10A, 20 K temperature steps

were used between 100-300 K, with 10 K steps then used between 300-350 K. For BR10A,

Figure 6.4: LI curves obtained as a function of increasing temperature from a) PM10A,
b) BR10A, and c) BR100A. Measurements of PM10A were conducted using the Oxford
instruments DN2 cryostat, whereas BR10A and BR100A were measured using the Ley-

bold closed cycle He cryostat.
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Figure 6.5: Threshold current density as a function of temperature for broad area
devices on native GaSb (blue), two 10 µm ridge width devices on Si (orange circles and

hexagons) and a 100 µm broad area device (orange diamonds).

a 20 K step size was used between 20-280 K, with a single data set collected at 290 K.

These were typically chosen to reduce the time taken to measure each device, however for

the broad area device, a step size of 5 K was utilised for the entire temperature range.

The threshold currents were subsequently extracted as a function of temperature using

the methodology outlined in section 3.4. These values were then converted to threshold

current densities by dividing by the device area, given by the product of the cavity length

and ridge width. This assumes negligible current spreading.

Fig. 6.5 shows the threshold current density, Jth, as a function of temperature for the

three devices, along with the device on native GaSb. As initially reported by Eales, the

observed threshold current in the device on GaSb is dominated by radiative recombina-

tion, which was confirmed using spontaneous emission measurements [95]. This results in

devices that are relatively temperature insensitive below ∼150 K. The resultant threshold

current density is therefore very low, taking values of 5-30 A/cm2, reflecting that highly

temperature dependent loss processes such as Auger-Meitner and carrier leakage are well

suppressed, whilst also indicating good material quality through low defect-related cur-

rents. The measured devices are broad area, with 100 µm stripes, thereby minimising the

impact of current spreading on the estimated threshold current. Above 150 K there is

a so-called ‘break-point’, as defined by Sweeney et al. [215]. This indicates the temper-

ature at which the thermally activated process provides an appreciable contribution to

threshold, thereby changing the observed trend. Above this temperature, there is a rapid
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increase in Jth, which Eales attributes to CHCC Auger-Meitner recombination [91].

As per the devices on native substrates, the threshold currents in devices on Si are rela-

tively insensitive to temperature changes below 150 K. However, contrastingly, the thresh-

old current density at 20 K is between 28 and 36× higher in the devices on Si. Since

thermally activated processes such as Auger-Meitner recombination and leakage are sig-

nificantly reduced at low temperatures, the difference in threshold can likely be attributed

to strong defect-related recombination due to large defect densities in the buffer and ac-

tive layers, or potentially poor carrier injection efficiency stemming from the use of lateral

injection. Above 150 K, the devices on Si show lower temperature sensitivity compared to

those on GaSb such that the threshold current densities become comparable at 350 K, de-

spite the large difference observed at low temperature. Both broad area and narrow ridge

devices on GaSb elicit comparable threshold current densities. If current spreading was

appreciable in these devices, the 10 µm ridges would overestimate Jth, causing disparity

with the 100 µm stripe lasers. As such, throughout this work it is assumed that lateral

current spreading is negligible. The focus of this chapter is then to fully characterise the

difference in behaviour between the devices on Si and those on native GaSb.

6.2.2 Spectra

Temperature dependent spectral measurements of BR10A and PM10A are illustrated in

Fig. 6.6 a) and Fig. 6.7 a), respectively. Spectra were captured at different current

values above threshold which, paired with the standard temperature-dependent change

in external quantum efficiency, explains the observed difference in peak intensities. The

peak energies were subsequently extracted as a function of temperature and plotted in

Fig. 6.6 b) and Fig. 6.7 b).

The Varshni relation presented in Eqn. 4.75 was subsequently fitted to both data sets

using a least-squares approach. Since the emission is multi-modal, all peaks were plotted

at each temperature. As such, the fit represents an effective average emission energy at

each temperature. For PM10A, the fitted parameters are given by: Eg(0) = 0.613 ± 0.001

eV, α = (3.6 ± 0.2)× 10−4 eV/K and β = 180 ± 30 K. For BR10A, the parameters are:

Eg(0) = 0.612 ± 0.001 eV, α = (4.2 ± 0.5) × 10−4 eV/K and β = 240 ± 60 K. Thus,

the fitting parameters for both devices agree within the fit uncertainty.
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Figure 6.6: a) Spectral measurements of BR10A taken above threshold as a function
of increasing temperature (red to blue). b) The Varshni curve and coefficients obtained

from the peak positions as a function of temperature.

Figure 6.7: a) Spectral measurements of PM10A taken above threshold as a function
of increasing temperature (red to blue). b) The Varshni curve (blue) and coefficients
obtained from the peak positions as a function of temperature. The orange dashed line

shows the Varshni fit from BR10A.

Fig 6.8 illustrates the Varshni fit to the data for PM10A which is plotted with the exper-

imentally modelled transition energies using the layer parameters provided by the grower

(red) and those determined from the refitted XRD data (green). It can be seen that the

modelled Varshni trend, obtained using the ‘2+6’ band k·p model, accurately replicates

the temperature dependence of the emission energies, but shifted to energies ∼10 meV

higher. The minor difference is likely due to a combination of blue-shift from band-filling

effects and red-shift from band-gap renormalisation [216], uncertainty in reported ternary



Recombination Processes in Epitaxially Grown GaInAsSb QW Lasers on Si 122

and quaternary bowing parameters, or could stem from inaccuracies in the reported ac-

tive region compositions. It can be seen that using the compositions obtained from the

XRD fit conducted in this work produces a better estimation of the emission energy. This

again reinforces that such values may be more representative of the growth. These small

alterations in composition will have the greatest impact on the observed emission energy

but comparatively minor impact of the temperature and pressure dependent modelling in

this chapter. As such, the devices are modelled using the values reported in Table 6.1.

6.2.3 Characteristic Temperature

The near-exponential increase in threshold current density with temperature can be simply

approximated as [217]

Jth(T ) = J0 exp

(
∆T

T0

)
(6.1)

where J0 is the reference current density, ∆T is the temperature difference between Jth and

J0. T0 is the so-called characteristic temperature which by definition is the temperature

change required to raise Jth by a factor e. Therefore, this quantity provides a measure of

the threshold current density’s sensitivity to temperature, with a higher T0 correlating to

improved thermal stability. Although the characteristic temperature itself is inherently
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Figure 6.8: The Experimental Varshni fit (orange), compared to the modelled transition
energy obtained from a k·p model. The red line shows the expected trend when using
the heterostructure composition provided by the grower, whilst green is obtained using

the adjusted values subsequent to XRD fitting.
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dependent on temperature, it can be expressed over a small range as [218]

1

T0
=

1

Jth

dJth
dT

=
dln(Jth)

dT
. (6.2)

Invoking the standard ABC model outlined in section 2.4, it has been previously shown

that the characteristic temperature of defect-related, radiative and Auger-Meitner recom-

bination in an ideal quantum well can be given by [219]

T0, rad(T ) = T, (6.3)

T0, def (T ) =
2T

3
, (6.4)

T0, aug(T ) =
T

3 + Ea/kBT
, (6.5)

respectively, where Ea is the Auger-Meitner activation energy. This model assumes that

loss and gain parameters are not temperature dependent. It should also be noted that

spatial and |k|-space leakage currents are neglected from this analysis. Whilst an expres-

sion for spatial leakage currents have been derived in literature [12], the resulting equation

is a high-order polynomial requiring a number of assumptions. Estimating values of con-

stants in this expression would likely lead to a non-physical model for the process which

would greatly hinder interpretation. However, it is known that all leakage processes are

highly temperature-dependent, and as such, a low characteristic temperature akin to that

of Auger-Meitner dominated currents may be postulated. Leakage currents will be quan-

titatively explored during the interpretation of pressure dependent measurements and

temperature- and pressure-dependent modelling later in the chapter.

The blue markers in Fig. 6.9 illustrate the temperature dependence of T0 for devices on

native GaSb, as reported by Eales [95]. At low temperatures, it can be seen that T0 follows

a trend indicating that the threshold current is dominated by a mix of radiative and defect-

related recombination. At ∼140 K there is a break-point, illustrating the onset of a highly-

temperature dependent process which acts to drastically reduce T0. This was attributed

to Auger-Meitner recombination by the author. However, the trend continues well below

the expected relation for Auger-Meitner dominated currents, indicated by the solid red

line. This could be the result of an optical loss process with appreciable temperature

dependence, which is neglected during this analysis, but would act to further reduce the

expected T0 relation for each process [95]. Else it may indicate that another mechanism

with high temperature sensitivity, such as carrier leakage, may be contributing.
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Figure 6.9: Variation in T0 with temperature for devices on GaSb (blue) and Si (orange).
Pink, green and red solid lines represent the expected behaviour when the current is
dominated by radiative, defect or Auger-Meitner recombination, respectively. Dotted
lines denote break-point behaviours where the observed trend changes in each device

type.

The orange markers in Fig. 6.9 illustrate the T0 values obtained using a 5-point moving

average of the threshold current density with temperature data from PM10A. Interpre-

tation of T0 is complicated by the large threshold currents at low temperature. Whilst

the obtained values of dJth/dT are comparable to the devices on GaSb, the low temper-

ature thresholds result in artificially inflated T0 values in excess of 500 K, which can be

misinterpreted as heightened stability. A break-point is again observed in these devices

at ∼140 K, falling in-line with the expected trend for Auger-Meitner dominated currents

at 320 K. However, since data is not obtained for higher temperatures it is not possible

to ascertain whether it then follows this trend or reduces further, as per the devices on

GaSb.

As such, the difference in low temperature threshold behaviour for devices on Si and

GaSb makes direct comparison of T0 difficult outside of general qualitative statements. A

different technique is therefore required to provide quantitative analysis of recombination

mechanisms in these devices.
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6.2.4 Spontaneous Emission

One method for obtaining further information about the radiative recombination compo-

nent and the dominant recombination pathways is to measure the spontaneous emission

(SE) as a function of current and temperature. To ensure the effects of gain and loss

are filtered from the collected emission, measurements of SE are typically conducted by

collecting light along the growth direction. Since Si is nominally non-absorbing for wave-

lengths above ∼1.2 µm and the devices are top contacted, light could be collected directly

through the substrate without any extra processing steps.

Due to issues with alignment to the 10 µm stripes and the necessity of using a non-

mounted device, SE was only collected for the broad area device BR100A. Here, the ridge

was aligned with a hole in the copper base plate of the laser mount, which housed a thin

fibre. In this measurement, the fibre was placed onto the window of an Infrared Associates

InSb detector.

Fig. 6.10 a) depicts the LI curves for SE collected as a function of increasing temper-

ature, with white markers denoting the light output at threshold. A super-linear trend

is observed below threshold at lower temperatures, which is again indicative of defect

dominated currents. Fig. 6.10 b) shows the normalised light output as a function of tem-

perature for fixed currents of 25 and 50 mA, respectively. In both cases, the spontaneous

Figure 6.10: SE curves as a function of increasing temperature (blue to red) for BR100A.
White markers are used to highlight the threshold current at each temperature. b) Nor-
malised light output as a function of temperature at 25 mA (blue) and 50 mA (orange).

Lines are a guide to the eye.
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emission initially decreases with temperature, since the defect current dominates. The

radiative current is known to increase linearly with temperature, resulting in increased

light output between ∼ 80 - 180 K, before the SE decreases once more as a thermally

activated process such as Auger-Meitner or leakage begins to dominate above 200 K.

The curves show strong pinning of the SE above threshold. This suggests that the quasi-

Fermi levels are fixed above threshold. Typically this is attributed to the rate of carrier

injection matching the stimulated emission rate above threshold, leading to a fixed carrier

density. However, it should be noted that the CB quasi-Fermi level may appear fixed

despite an increasing carrier density if excess carriers are occupying L-valley states, due

to the large DoS. These indirect carriers would not recombine radiatively, therefore leaving

the SE pinned. Similarly, if the VB DoS in the well is low, significant hole leakage may

occur at higher temperatures resulting in the VB quasi-Fermi level pinning close to the

barrier VB edge where a near continuum of unconfined states exist.

6.2.4.1 Z-Analysis

Since the spontaneous emission Lspon is proportional to the radiative recombination rate,

Bn2, the ABC model may be written in terms of the SE as

I ∝ a
′
L1/2
spon + b

′
Lspon + c

′
L3/2
spon ∝

(√
Lspon

)Z
, (6.6)

where a′, b′ and c′ are unknown parameters. Here, the primes are used to differentiate the

parameters from the standard constants of the ABC model. As such, if defect, radiative

or Auger processes are dominant, Z will take values of 1, 2 and 3, respectively. By

rearranging for Z, this becomes

Z =
dln(I)

dln
(√

Lspon

) , (6.7)

illustrating that Z can be obtained from the SE data. Fig. 6.11 a) illustrates an example

plot of ln(I) vs ln(
√
Lspon) at 120 K. The Z value at threshold is denoted Zth and is

obtained from the gradient using the first 10 data points below threshold. This process is

repeated for the remaining data sets and the resulting Z-values are plotted as a function

of temperature in Fig. 6.11 b).
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Figure 6.11: a) plot of ln(I) vs ln(L1/2
spon) for data obtained from BR100A at 120 K

illustrating how Zth is obtained. b) The temperature dependence of the obtained Zth

values, reinforcing defect dominated current at low temperature.

At the lowest temperatures, Zth = 1 reflecting that the threshold current is dominated by

defect related recombination. This supports the postulates made from the temperature

dependence of Jth in section 6.2. Above 60 K, Zth takes non-integer values and slowly

rises with increasing temperature. At such low temperatures any thermally activated

processes such as Auger-Meitner or L-valley leakage are expected to be suppressed. As

such, the small rise is likely the result of an increasing radiative current component with

temperature which is an expected trend [220].

At RT, Zth increases to 2.25. Interpretation of this result is complicated since such a value

could indicate a radiatively dominated device with a smaller contribution from higher

order processes, or it may be that there remains a significant defect related current at

RT and another thermally activated pathway with a large dependence on carrier density

becomes prominent. Since Lspon at threshold is seen to decrease with temperature above

200 K, the radiative current must be dropping whilst the overall threshold current is

increasing. As such, the fractional contribution from radiative recombination is reducing,

and thus, the latter interpretation is most plausible.

Due to the simplistic nature of the ABC model invoked in this analysis, spatial and k-

space leakage currents are not included explicitly. However, it is possible that the raised

Zth value at high temperature is the result of either Auger-Meitner recombination, spatial

hole leakage or L-valley leakage, since all are expected to be highly dependent on the
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carrier density and temperature. Using the temperature dependent techniques discussed

here, it is not possible to distinguish between these effects.

6.3 Pressure Dependent Measurements

Whilst temperature dependent characterisation techniques were able to highlight the effect

of large defect densities on the device performance at low temperatures, it was not able

to distinguish the dominant recombination process at high temperature. Consequently, a

second technique was required to separate the effects of L-valley leakage, hole leakage and

Auger-Meitner recombination processes. In an attempt to do this, RT high-hydrostatic

pressure measurements were conducted.

The general set-up of the pressure cell, pulse generator, oscilloscope and lock-in amplifier

for RT measurements are as described previously in section 3.3. Emission through the

cell window was collected into a bifurcated optical fibre with one output focused onto an

Infrared Associates GaSb detector and the other connected to an OceanOptics NIR 512-

2.5 USB spectrometer. LI curves and spectra were then obtained for steps between 0-7

kbar, this constitutes the range over which the cell could hold pressure before minor leaks

began to occur. Measurements were obtained whilst increasing and then subsequently

decreasing the pressure to assess repeatability.

6.3.1 Spectra

Fig. 6.12 a) and Fig. 6.13 a) illustrate the spectra of PM10A during two separate mea-

surement runs. It should be noted that, as per the temperature-dependent measurements,

the current was set to a nominal value above threshold to capture the spectral data.

This, paired with changes in radiative efficiency, explains the variation in peak intensity.

However, in this case, only isolation of the peak energies is required. Spectral data was

obtained while increasing and decreasing the pressure to assess whether the process was

repeatable.

Fig. 6.12 b) and Fig. 6.13 b) depict the extracted peak energies as a function of increasing

pressure. For both runs, the change in emission energy with pressure and the emitted

wavelength for a given pressure remain the same within the quoted uncertainty. This

reinforces that the process is fully reversible in tuning the bandstructure, and affirms
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Figure 6.12: a) Spectral measurements of PM10A as a function of increasing pressure
(blue to red) during an initial run. b) The emission energy as a function of pressure,

allowing the pressure coefficient to be obtained from the gradient.

Figure 6.13: a) Spectral measurements of PM10A as a function of increasing pressure
(blue to red) during a second run. b) The emission energy as a function of pressure, from

which the pressure coefficient is obtained.

that any discrepancies in repeated pressure measurements are not due to variations in the

pressure itself. The averaged pressure coefficient of 10.6 ± 0.1 meV/kbar is in line with

the general empirical rule which states that the Γ-minima in III-V material shifts at a

rate of 10-15 meV/kbar [110].

6.3.2 Threshold Current Density

Pressure dependent LI curves were obtained twice for PM10A and once for PM10B. The

threshold current density at each pressure was extracted from the plot using the method-

ology outlined in section 3.4. Fig. 6.14 shows the variation in threshold current density
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with pressure for a) PM10A (run 1), b) PM10A (run 2), c) PM10B and d) the device on

GaSb, normalised to their respective values at atmospheric pressure. Solid markers rep-

resent measurements taken whilst the pressure was being increased, while faded markers

indicate values obtained with decreasing pressure.

Figure 6.14: The threshold current density as a function of pressure for a) PM10A
(first run), b) PM10A (second run), c) PM10B and d) the device on GaSb. Data are
normalised to their respective values at atmospheric pressure. Red, black, pink, green and
blue dashed lines show the trends for devices dominated by CHSH, L-leakage, radiative,

defect/hole leakage and CHCC currents, respectively.

It is evident for PM10A (run 1) (a) and PM10B (c), that the thresholds are higher than

expected when the pressure is lowered, such that the current at atmospheric pressure

does not return to its pre-measurement value. This discrepancy may be the result of

a number of factors such as changes to the contacts, facets or even the introduction of

defects owing to differences in the lattice constants of III-V and group IV materials with
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pressure. However, it can be seen in Fig. 6.14 b) that the effect is greatly reduced on

subsequent runs over the same pressure range. This suggests that the degradation is

predominantly introduced during the first run, and subsequent application of pressures

within the same range will have comparatively little effect. As such, this data set is used

for any subsequent fitting.

With this in mind, we return to the analysis of trends in Fig. 6.14. For devices on

native GaSb, illustrated in Fig. 6.14 d), the threshold current density initially decreases

with pressure. Such behaviour is characteristic of CHCC Auger-Meitner recombination.

A turning point is observed at ∼2.12 µm indicating the onset of a secondary process,

previously attributed to the onset of appreciable CHSH Auger-Meitner recombination

[95].

In contrast, the threshold current density is shown to increase constantly with pressure for

devices on Si. Such behaviour is indicative of either CHSH Auger-Meitner recombination

or increasing L-valley occupation. Eales showed that regardless of strain and heterostruc-

ture design, CHSH was dominant in devices operating below 2.0 µm whilst CHCC was

dominant above ∼ 2.1 µm [91]. It is therefore less likely that the observed increase is

purely related to CHSH Auger-Meitner processes in these devices. If the fractional contri-

bution of this is assumed to be negligible at atmospheric pressure, a fit to the data may

be obtained using

Jth(P )

J0
th

=
Jdef (P )

J0
def

F 0
def +

Jrad(P )

J0
rad

F 0
rad+

Jhole(P )

J0
hole

F 0
hole+

JL(P )

J0
L

F 0
L+

Jchcc(P )

J0
chcc

F 0
chcc, (6.8)

where subscripts def, rad, hole, L and chcc denote SRH defect recombination, radiative

recombination, hole leakage, L-valley leakage and CHCC Auger-Meitner recombination,

respectively. A superscripted ‘0’ marks values at atmospheric pressure. The defect related

current is expected to be pressure independent, whilst the radiative current for a QW

based device is proportional to E2
g [190]. Since the pressure coefficients of the barrier

and well materials are nominally the same, the VB offset is maintained such that the

hole leakage term is also independent of pressure. As per the previous chapter, the L-

valley leakage current is proportional to exp
(
−dEL

a /dP · P/kbT
)

where the activation

energy is given by the different between the L and Γ minima, EL
a = EL − EΓ. CHCC

current has the same pressure dependence, however the activation energy is given by

Echcc
a = Eg · mc/ (mc +mh), where mc and mh are the in-plane effective masses of the

conduction and heavy hole bands, respectively. Invoking these relations, Eqn. 6.8 can be
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Figure 6.15: a) The threshold current density as a function of pressure for PM10A (run
2). Dashed black, pink, green and blue lines represent the pressure dependencies of L-
leakage, radiative, SRH defect/hole leakage and CHCC currents, respectively. The solid
red line shows the fit to the data. b) Non-normalised data, with dashed lines showing

the weightings of each process as a function of pressure.

simplified to

Jth(P )

J0
th

= F 0
ind+

Eg(P )
3/2

Eg(0)3/2
F 0
rad+exp

(
−dE

L
a (P )

dP

P

kBT

)
F 0
L+exp

(
−dE

chcc
a (P )

dP

P

kBT

)
F 0
chcc

(6.9)

where F 0
ind is the cumulative fraction of threshold current attributed to the pressure

independent defect and hole leakage processes.

Boundaries for the fitting parameters were implemented to reduce the number of possible

solutions. For example, F 0
rad was allowed to vary between 0.05 and 0.25 based on simu-

lations of the radiative current density assuming an optical loss ranging from zero to 10

cm−1. This represents a conservative estimate based on the experimentally determined

values of 2-6 cm−1 reported by the growers [214]. The minimum bound of F 0
ind was based

on the current density at 20 K, which was shown to be dominated by defects. It is not

expected that this contribution would lessen with temperature, and thus the minimum

bound is determined by Jth(20 K)/Jth(300 K) ≈ 0.2. Since F 0
ind also encapsulates con-

tributions from hole leakage, which would worsen with increasing thermal broadening, it

is possible that F 0
ind may be considerably higher than 0.2 at RT, should hole leakage be

significant. As such, the upper limit was left at 1. As CHCC recombination was shown
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to be dominant in the devices on native substrates at a similar wavelength, it can be ex-

pected that it should be appreciable for the devices on Si. However, the magnitude of this

is unknown so F 0
chcc was allowed to vary between 0 and 1. The fit can then be conducted

using only these three variables since F 0
L = 1 − F 0

ind − F 0
rad − F 0

chcc, by definition, which

was implemented as a condition for the least-squares fit.

The obtained fractional contributions to threshold at atmospheric pressure are F 0
ind =

0.50, F 0
rad = 0.10, F 0

chcc = 0.28, and F 0
L = 0.12, with the fit illustrated in Fig. 6.15 a).

It can be seen that a reasonable fit to the data is attained. The relative contributions of

each process as a function of pressure are more easily seen in Fig. 6.15 b). It should be

noted that there is large uncertainty in the values of F 0
chcc and F 0

ind due to the similarities

of their pressure dependencies and the scatter in the data. However, F 0
chcc cannot be

greater than F 0
ind as no decrease in Jth is observed over the first 2 kbar. In this situation,

the threshold current at RT and atmospheric pressure for devices on Si is dominated by

a combination of large defect and/or hole leakage currents, followed by significant CHCC

recombination. While, in contrast to the devices on GaSb, leakage of carriers to L-valley

states could be non-negligible, representing ∼ 12% of threshold.
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Figure 6.16: a) The threshold current density as a function of pressure for PM10A
(run 2). Dashed red, pink, green and blue lines represent the pressure dependencies of
CHSH, radiative, SRH defect/hole leakage and CHCC currents, respectively. The solid
red line shows the fit to the data. b) Non-normalised data, with dashed lines showing

the weightings of each process as a function of pressure.
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The same process is repeated assuming L-valley leakage is negligible and CHSH Auger-

Meitner recombination is present instead. In this instance, the fitting parameters are

obtained as F 0
ind = 0.53, F 0

chcc = 0.29, F 0
rad = 0.15, F 0

chsh = 0.03. The fit to the data is

displayed in Fig. 6.16 a). Fig. 6.16 b) again highlights the fractional current contributions

as a function of pressure. Similar fractions of defect/hole leakage and CHCC currents

are obtained at atmospheric pressure when compared to fitting with L-valley leakage.

However, much lower F 0
chsh is required to reproduce the observed trend.

From this analysis, some general observations can be made. For example, it may be postu-

lated that CHCC recombination remains important in these devices. However, growth on

Si promotes increased defect recombination currents, and differences in heterostructure

design make the devices on Si more prone to hole leakage, which account for a greater

proportion of the total current density when combined. The latter process shall be ex-

plored in greater detail in section 6.4.2. Despite this, the general trend of increasing Jth
with pressure can be well replicated by invoking either L-leakage or CHSH Auger-Meitner

processes.

6.3.3 Relative Quantum Efficiency

More information can be obtained by analysing the relative gradient of the LI curves

above threshold. The gradient is a measure of the external differential quantum efficiency,

given by
1

ndext
=

[
αi

ln(R−1)
Lc + 1

]
1

ndint
, (6.10)

where αi, R and Lc are the internal optical loss, mirror reflectivity and cavity length, re-

spectively. ndint is the internal differential quantum efficiency, which is dependent on three

separate contributions [221]. Firstly, when injecting current, there is a lateral spreading.

As such, the current density is only large enough to overcome optical losses and produce

gain over a certain region below the contact. This phenomenon gives rise to the differential

current spreading efficiency, given by [67]

ηds =

[
∆Jlas
∆J

]
J>Jth

(6.11)

where ∆J is the change in total injected current density, and ∆Jlas is the change in

injected current density that can contribute to lasing above threshold.
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The second contribution to the internal differential quantum efficiency is the result of

spatial leakage of carriers into layers other than the active material. For example, through

carrier recombination in the barriers before reaching the wells, or through leakage over

the hetero barrier into surrounding layers. The resultant term is therefore given by [67]

ηdinj =

[
∆Jqw
∆Jlas

]
J>Jth

, (6.12)

where ∆Jqw is the change in the injected current that ends up in the quantum wells. If the

quasi-Fermi levels in the surrounding heterostructure are pinned above threshold, then

ndinj = 1.

The third term corresponds to the fraction of carriers recombining in the QW that do so

via stimulated emission, denoted ηdrad. Above threshold, if the quasi-Fermi levels pin, then

the spontaneous emission and non-radiative current remains fixed and ηrad = 1, reflecting

that any increase in current into the QW results in stimulated emission. If the quasi-Fermi

levels do not pin in the QW above threshold, a fraction 1-ηdrad > 0 of the current in the

QW recombines via spontaneous emission and/or non-radiative processes.

With this understanding, the variation in quantum efficiency with increasing pressure

is assessed using the gradient of the LI curves above threshold. Fig. 6.17 illustrates the

differential quantum efficiency of PM10A and PM10B in a) and b), respectively. The data

was subsequently normalised to their respective values at atmospheric pressure to assess

the relative change only. Both devices show very strong decreases in ηdext with increasing

pressure. Previous analysis by the growers suggest internal optical losses of only 2-6 cm−1

at atmospheric temperature and pressure [214]. With such low levels of loss and pressure-

dependent bandstructure simulations suggesting strong IVBA suppression, it is unlikely

that a pressure dependent increase in optical loss is responsible for the observed trend.

As such, it can be inferred that the decrease in ηdext likely stems from a decrease in

the internal differential quantum efficiency, ηdint. Since the heterostructure offsets are

maintained during pressure measurements, any amount of spatial hole leakage should be

constant such that ηdinj is invariant. Thus, the large change in efficiency can plausibly

be attributed to a change in ηdrad. In making this statement, it is once more assumed

that the lateral current spreading is negligible and independent of pressure. In reality the

effective carrier masses increase with pressure, predominantly in the LH and CB, which
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Figure 6.17: The differential quantum efficiency as a function of pressure, obtained
from the slope of the LI curves above threshold for a) PM10A and b) PM10B. Values are

normalised to atmospheric pressure. Grey curves are intended as a guide to the eye.

would act therefore decrease mobility and likely improve lateral carrier confinement. This

is in contrast to the decrease in emission efficiency observed here.

Measurements of SE from PM100A illustrated that the quasi-Fermi levels pin when lasing,

highlighted by a constant SE with increasing current above threshold for all temperatures

in Fig. 6.10. This is particularly important as it insinuates that direct valley Auger-

Meitner recombination currents are fixed above threshold and cannot be responsible for

the observed decrease in ηdext. While SE measurements could not be conducted using

the existing pressure set-up to verify pinning, if it is assumed that pinning persists as a

function of pressure as per the temperature dependent measurements, then the drop in

efficiency may then be explained using L-valley leakage. If such indirect states become

occupied, the shift in CB quasi-Fermi energy with injection is massively suppressed due to

the large density of indirect valley states. As such, the SE appears pinned above threshold

since the Γ-valley occupation is nominally the same, whilst ηdrad is greatly reduced due to

an increased total current into the QW which cannot recombine via stimulated emission.

6.4 Modelling

The temperature dependent measurements of stimulated and spontaneous emission in

section 6.2 illustrated the presence of a large defect-recombination current pathway which
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Figure 6.18: Flat band diagrams showing the bulk band edges, confined Γ and L states
in the CB and the first confined state in the VB for a) devices on GaSb and b) those on

Si.

greatly impacted the total threshold current density of devices on Si. It also demonstrated

the existence of a thermally activated, highly temperature dependent process that raised

threshold significantly above 180 K. In an attempt to determine the contributing process,

pressure dependent measurements of threshold were conducted. The distinct behaviour of

Jth with increasing pressure for devices on Si and those on GaSb hinted at differences in

the bandstructure. Through analysis of the differential quantum efficiency with increasing

pressure, a decrease, which may be indicative of leakage to L-valley states, is observed.

However, this assumes that the Fermi-levels do indeed pin well in the device, which cannot

be verified through pressure-dependent measurements of the SE. Thus, to attempt to

resolve whether CHSH Auger-Meitner or L-leakage are responsible for the increase in Jth
with pressure, the full bandstructure of these seemingly similar active regions must be

modelled.

Fig. 6.18 a) and b) show the calculated band alignment for the device on GaSb and

those on Si, respectively. These are calculated using a ‘2+6’ band model available in

kpymod. For clarity, the effects of band bending are ignored initially such that typical

band offsets can be observed. A full Poisson-Schrödinger model is implemented during

the optimisation stage. The dotted lines depict the CB and VB quasi-Fermi levels at

transparency, achieved at an injected carrier density of 1.2×1012 cm−2 for the device on

GaSb and 1.3×1012 cm−2 for devices on Si. As expected, it can be seen that the bulk

CB edges are comparable in the well for both devices, owing to similar active region
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Figure 6.19: The VB structure (flat band), showing the confined states for devices on
a) GaSb and b) Si.

compositions and lasing energies. In both instances, the lowest L-valley state is situated

∼ 160 meV above the lowest Γ-state. However, the second Γ state is of significantly

higher energy in the device on Si, which may make L-valley occupation higher for a given

injection above transparency.

Additionally, the VB offset for the devices on GaSb is close to 100 meV, compared to 60

meV for the devices on Si, as illustrated in Fig. 6.19. In literature, an offset of 150 meV

is often quoted as being adequate for suppression of hole leakage [222]. As such, both

devices may be prone to increased leakage currents at higher temperatures, but more so

in devices on Si where hole confinement is greatly reduced. It is therefore necessary to

further probe how these minor differences in bandstructure may be impacting the observed

experimental trends.

6.4.1 Conduction Band Carrier Distribution

To assess the potential of L-valley leakage in these devices it is prudent to analyse how car-

riers distribute themselves in k-space for injection levels above transparency and observe

how this varies with temperature and pressure. Since increasing carrier density results in

heightened splitting of the quasi-Fermi levels, the approach of Blood et al. is adopted,

using the so called thermally normalised injection level, F = (∆Ef −E0)/kBT [67]. Here

a value of F = 0 is obtained when ∆Ef = E0 i.e. at transparency. Values of F = 1, 2, 3
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etc. then denote quasi-Fermi level separations that are integer multiples of the thermal

energy above the minimum transition energy.

As per the previous chapter, the bandstructure is calculated for a given temperature and

pressure and the quasi Fermi levels are calculated for a set of input carrier densities. The

quasi Fermi levels are then utilised to determine the population of the different CB valleys

at a given injection. Fig. 6.20 illustrates the fraction of carriers in Γ, L and X as a function

of the thermally normalised injection at RT and atmospheric pressure. At transparency,

it can be seen that 16.6% of injected carriers occupy L-valley states. This illustrates that

the bandstructure of the device is such that a large fraction of the injected current will

be lost to indirect states where stimulated emission cannot occur. The requirement for

higher carrier densities to compensate for this process will likely raise the total threshold

current density due to increased parasitic losses such as Auger-Meitner recombination and

spatial hole leakage.

The above calculation is repeated as a function of temperature, ranging from 50 - 300

K. Fig. 6.21 a) plots the fraction of carriers in the L-valley as a function of thermally

normalised injection. It can be seen that L-valley occupation becomes appreciable be-

tween 150 - 200 K, and rises most with increasing inversion for the highest temperatures.

Fig. 6.21 b) illustrates the fraction of L-valley carriers at transparency as a function of

temperature, as calculated for the active regions on Si (orange) and those on GaSb (blue).

Figure 6.20: The fractional distribution of carriers between the Γ, L and X valleys as
a function of increasing thermally normalised injection.
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In both sets of devices, negligible indirect valley occupation occurs below 175 K, however

this fraction rises exponentially with temperature above this value. It can be seen that

L-valley fraction at transparency rises faster with temperature for the devices on Si when

compared to those on GaSb. At RT, 10% of injected carriers are indirect for the device

on GaSb, whilst over 17% are indirect in the device on Si. This discrepancy can be at-

tributed to the energetic difference between the second Γ state in the two heterostructure

designs, as discussed previously. As such, due to a lower concentration of L-valley carriers,

it is possible that the devices on GaSb substrates could be dominated by CHCC Auger-

Meitner recombination, whilst L-valley leakage could be appreciable in the devices on Si,

despite seemingly similar active region designs. It should be noted that the break point

temperature of ∼ 150 K observed in this model is in good agreement with the onset of

non-radiative processes in the experimental measurements of threshold with temperature.

The temperature is then fixed to 300 K and the same calculations are conducted as a

function of increasing pressure. In Fig. 6.22 a), the fraction of indirect carriers is seen

to increase with pressure. Fig. 6.22 b) depicts the percentage of L-valley carriers at

transparency with increasing pressure for devices on Si (orange) and on GaSb (blue). The

fractional increase with pressure is similar in both devices, since the pressure coefficients

are comparable. This ensures that nL,tr/ntr remains > 8% higher in the devices on Si

Figure 6.21: a) The fraction of carriers occupying L states as a function of increasing
inversion and temperature (blue to red) for the active region on Si. b) The fraction of
carriers in the L-valley at the transparency carrier density as a function of temperature

for devices on Si (orange) and GaSb (blue).
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across the whole pressure range. The heightened proportion of carriers in the L-valley

of the devices on Si may then explain the discrepancy in the pressure trends observed

experimentally.

6.4.2 Valence Band Carrier Distribution

In order to probe the potential influence of hole leakage, a Poisson-Schrödinger solver was

used to determine the transparency carrier density for devices on Si and GaSb at RT. The

DoS were then utilised to assess the fraction of carriers above the VB barrier offset at

transparency.

For simulations of the device on Si, the active region consisted of two 8.1 nm quantum

wells separated by a 21.5 nm barrier. This was sandwiched between two 25 nm waveguides.

This produced a total simulation domain of 87.7 nm, which was to be matched when

simulating the active region of the devices on Si.

A heatmap illustrating the position and energy dependence of the carrier density at trans-

parency is given in Fig. 6.23. Here, grey lines depict the band edges, whilst the red dashed

lines show the quasi-Fermi levels. The spatial dependence of the electron and hole carrier

densities are further elucidated in the topmost figure. Whilst electrons are well confined
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Figure 6.22: a) The fraction of carriers occupying L states as a function of increasing
inversion and pressure (blue to red) for the active region on Si. b) The fraction of carriers
in the L-valley at the transparency carrier density as a function of pressure for devices

on Si (orange) and GaSb (blue).
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to the QW regions, the hole density in the barriers is appreciable. This is further high-

lighted by the rightmost plot, illustrating the 2D DoS, weighted by the Fermi function.

The orange highlighted area represents the sheet-carrier density at energies greater than

the VB barrier offset. By comparing to the total carrier density, it is found that 51.6% of

holes at transparency are existing in states above the barrier energy.

The calculations were repeated for the device on native GaSb. In these devices, two 11

nm wells are placed between three 11 nm barriers. To ensure the same simulation domain

size, 16.3 nm of the waveguide layers are included on either side of the outer barriers. The

results are given in Fig. 6.24. From the heatmap and 2D Fermi weighted DoS plots, it

can be seen that there is a higher DoS close to the VB edge as a result of having wider

wells. When combined with the larger VB barrier, this yields far fewer carriers occupying

Figure 6.23: Heatmap illustrating the spatial and energetic variation in carrier density
at the transparency condition for the active region on Si. The topmost plot shows the
spatial variation of the 3D carrier density, whilst the rightmost figure shows the 2D DoS
weighted by the Fermi function. The filled orange region denotes the portion of the sheet

carrier density occupying states above the barrier in the VB.
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energies above the barrier edge. At RT, 22.4% exist in this energy range at transparency.

Even larger electron confinement is illustrated in these devices, meaning electron leakage

in both types of devices are likely to be negligible.

Fig. 6.25 shows the fraction of carriers above the VB barrier edge as a function of

temperature, calculated using the methodology outlined above. The low barrier offset and

reduced DoS in the devices on Si result in a much sharper rise with increasing temperature

compared to those on GaSb. For all temperatures the leakage carrier density is in excess

of 2× higher for the active region on Si, and > 10× higher below 175 K.

It should be noted that these fractions are strongly dependent on the size of simulation

domain, since a larger domain would introduce a greater number of total states, and thus

Figure 6.24: Heatmap illustrating the spatial and energetic variation in carrier density
at the transparency condition for the active region on GaSb. The topmost plot shows
the spatial variation of the 3D carrier density, whilst the rightmost plot shows the 2D
DoS weighted by the Fermi function. The filled orange region denotes the portion of the

sheet carrier density occupying states above the barrier in the VB.
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artificially raise the leakage fraction. Additionally, hole mobility is known to be very low

compared to that of the electron, and nominally decreases with increasing temperature,

which may go some way to offsetting the effects of thermal carrier distribution broadening.

As such, it can be postulated that hole leakage may be exacerbated for the active re-

gion on Si compared to the design on GaSb. However, full drift-diffusion modelling of

the entire heterostructure is likely required to make quantitative, temperature-dependent

estimations of leakage currents within the devices.

6.4.3 Layer Optimisation

It is prudent to check whether minor changes to the active region design may be able to

reduce the L-valley occupation for temperatures above 200 K, whilst also decreasing the

fraction of holes occupying non-confined states.

6.4.3.1 Quantum Well Optimisation

The primary goal is to reduce the energy of the second Γ state such that it is below

the lowest L state. One way to attain this is to increase the thickness of the well, this

reduces the confinement energy, and therefore lowers the energy of the Γ states. Since the

L states have a large effective mass, their energy is comparatively unaffected by minor

Figure 6.25: The fraction of carriers occupying states higher than the barrier energy
as a function of temperature for the active regions on Si (orange) and GaSb (blue).
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changes in well thickness. As the energy of the ground state transition is reduced when

using a thicker well, the Sb or In fractions must be increased in order to attain the same

emission wavelength. Additionally, increasing the well thickness can also be beneficial in

decreasing hole leakage since the number of confined hole states can be raised.

Fig. 6.26 a) shows the emission wavelength as a function of Sb content and QW thickness.

It should be noted that if the layer is wider than some critical thickness, it will no longer

be perfectly strained to the previous layer. Instead, it becomes energetically favourable

for relaxation to occur in the plane, resulting in the formation of defects, which degrades

performance. Here, the critical thickness, hc, is calculated using the Matthews-Blakeslee

model as [68]

hc =
b

2πε||

1− νcos2α

(1 + ν)cosλ

[
1 + ln

(
hc
b

)]
, (6.13)

where ν is the Poisson ratio for a biaxially strained cubic lattice, given by ν = 2C12/C11.

The most common dislocation type for cubic crystals is with a propagation direction of α =

λ = 60◦ and a Burgers vector of a/2⟨110⟩, giving a magnitude of b = a
√
2/2. Thus, the

critical thickness is calculated based on the energy required to form this type of dislocation.

Whilst Eqn. 6.13 can be solve iteratively, for example using a Newton-Raphson method, a

direct-solve method based on the Lambert W−1 function is implemented in kpymod [223].

The greyed region in Fig. 6.26 represents compositions where this critical thickness is

Figure 6.26: a) Heatmap of emission wavelength as a function of QW thickness and
Sb content. Contours represent Γ2-L. b) Heatmap and contours of L-Γ1 as a function
of QW thickness and Sb content. In both plots, greyed regions denote compositions in
excess of the critical thickness while white lines show pairs of values producing emission

at 2.3 µm.
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exceeded. The solid white line denotes pairs of thickness and Sb content that produce

emission at 2.3 µm. In Fig. 6.26 a), dotted contours represent the energetic value of Γ2-L

in meV, where Γ2 is the second highest Γ state in the QW. Increasing the well thickness

does indeed lower the energy of Γ2, however the critical thickness of the layer excludes high

Sb compositions with thick wells which would otherwise produce the greatest reduction

in Γ2-L.

In order for the improvements to the Γ2 energy to yield reduced L-valley occupation, the

splitting between the lowest L state and Γ1 must be maintained or increased. Fig. 6.26

b) illustrates the energetic splitting between the lowest energy L and Γ states. It is found

that increasing Sb content and well thickness produces very minor improvements to the

directness for devices emitting at 2.3 µm. Thus, it can be expected that the fraction of

L-valley carriers should decrease.

The fraction of indirect carriers are once more calculated as a function of temperature and

pressure for a device employing a thicker well with higher Sb content. Values of 10.9 nm

and 92.7% are selected to avoid compositions that are too close to the critical thickness,

whilst providing appreciable improvements in Γ2-L. Fig. 6.27 a) verifies that this change

results in a ∼36% reduction in the fraction of L-valley carriers, falling from 16.4% to

10.5%. This brings the devices on Si in line with those on native GaSb. The fraction of

L-carriers as a function of pressure is illustrated in Fig. 6.27 b), which highlights that

this metric can also be reduced in line with the devices on native GaSb.

The inset of Fig. 6.27 a) shows the effect of the minor change in QW thickness and

composition on the fraction of carriers occupying states above the barrier. The results for

the non-optimised well are given by faded markers, with post-optimised results showing

that the fraction at RT is more than halved. Again, the waveguide thickness was adjusted

such that the overall simulation domain was maintained across all calculations.

6.4.3.2 Barrier and Waveguide Optimisation

Further improvement to the VB can be achieved by varying the composition of barrier

and waveguide layers. Type I AlGaAsSb/InGaAsSb devices are typically characterised by

substantial imbalance between the electron and valence band offsets [222]. Since electrons

have far higher mobility, barrier compositions are chosen to provide adequate CB offset,

often resulting in insufficient hole confinement, as demonstrated in these devices.
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Figure 6.27: a) and b) show the fraction of carriers in the L-valley at transparency as
a function of temperature and pressure, respectively, subsequent to increasing the well
thickness and Sb content. The inset in a) depicts the decrease in carriers above the VB

barrier edge at transparency after this alteration.

In the previous section the Sb content was raised in order to retain emission at 2.3 µm

after the well was made thicker. This increases the compressive strain in the QW which

raises the HH band edge energy, improving the VB offset from 60 meV to 99.4 meV. A

secondary effect is that an additional confined HH state is obtained since the confinement

energy is reduced by using a wider well. Improved device performance stemming from

increased compressive strain has been experimentally demonstrated in multiple studies

and is now widely appreciated [224]. However, further increases in compressive strain

and layer thickness to enhance hole confinement are not possible due to the critical layer

thickness. Thus, further refinements to the VB offset can only be achieved by altering the

barrier and waveguiding layers.

In AlGaAsSb alloys lattice-matched to GaSb, simultaneous reduction of the Ga and Sb

content is required to increase the bandgap whilst maintain lattice matching. However, a

comparatively small change in Sb is required for a given change in Ga, as lattice matching

can be achieved for any fraction of Ga, but Sb content must remain in excess of 0.9. As

a result, the Ga-containing binary alloys have the greatest influence on the change in

properties such as the bandgap and valence band offset. As the fractional contribution of

GaAs and GaSb decreases, the bandgap increases due to the wider gaps of Al-based bina-

ries. Similarly, since the natural VB offset is larger in AlAs, hole confinement is increased.
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Figure 6.28: a) Heatmap of lattice constant as a function of In and As content for
Al=0.5. The white dashed line shows compositions that are lattice matched to GaSb. b)
The energetic improvement in VB confinement energy as the Al fraction is increased for
compositions that are lattice matched to GaSb and reproduce the conduction band offset

from the original barrier material.

Despite this, the bandgap increases much faster than the hole confinement energy, such

that the predominant effect of the compositional change is an increase in the electron

confinement energy. This can result in electron distribution inhomogeneity in multi-well

devices. Thus, to attain appropriate levels of both electron and hole confinement it may

be preferable to adopt quinary AlGaInAsSb layers for the barriers, which allows the CB

and VB offsets to be tuned independently [225].

To test the extent to which the VB offset could be improved, the material was first defined

as AlxGa1−x−yInyAszSb1−z where x and z can take values between 0 and 1, and y can vary

between 0 and 1− x. The Al fraction was fixed and the lattice constant calculated whilst

the In and As contents were allowed to vary, producing a heatmap akin to that shown in

Fig. 6.28 a). The dashed white line illustrates the pairs of As and In contents required

to produce lattice matching to GaSb for the given Al fraction. The bulk HH and CB

energies were subsequently calculated for the lattice matched compositions. From here,

the composition required to reproduce the CB energy of the original barrier material was

determined. The VB energy was extracted for the same composition.

The process was repeated for Al content between 0.25 - 0.50, and the difference between

the VB offset for the quaternary and quinary barriers are plotted in Fig. 6.28 b). It

is observed that Al=∼ 0.45, corresponding to In and As contents around 28% would be

required to attain a 80 meV improvement in the VB confinement energy, producing a

total confinement in excess of 175 meV. This situation is modelled in Fig. 6.29, producing
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Figure 6.29: The spatial and energetic variation in carrier density at transparency
when using thicker wells with higher Sb content and quinary barriers. The top and
rightmost plots verify a greatly reduced hole density above the VB edge while strong CB

confinement is retained.

a hole leakage carrier density of only 2.5%. In reality, a full drift-diffusion model is

necessary to quantify the leakage current density such that the barrier offset can be

adjusted appropriately through In incorporation. Since this increases the bandgap, the

refractive index contrast between the waveguide and the cladding layers will be reduced,

therefore decreasing the modal confinement and reducing modal gain for a given sheet

carrier density. As such the In content in the barrier will require fine tuning to balance

the effects of transparency carrier density and modal overlap to attain the lowest possible

thresholds.
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6.5 Summary & Conclusions

The performance of type I Sb-based QW devices grown epitaxially on Si substrates were

compared to devices with a similar active region grown on native GaSb. Temperature

dependent measurements of the threshold current density and Z-analysis from spontaneous

emission data showed that the current was dominated by defect related recombination

at low temperatures. Since the n-contact is placed on the InAsSb buffer layer, this is

attributed to large threading dislocation densities in these lower buffer layers due to

sizeable lattice mismatch with the Si substrate.

The large rise in threshold current density with temperature associated with Sb-based

lasers was again observed in the devices on Si. Typically this is the result of Auger-

Meitner recombination or increasing hole leakage. The mechanism causing this shift was

probed using high-hydrostatic pressure at RT. The threshold in devices on GaSb decreased

with pressure, indicative of CHCC dominated current, while devices on Si increased with

pressure, suggesting a different dominant mechanism. Hole leakage is a pressure inde-

pendent process, since band offsets are maintained with increasing pressure, and hence

cannot be responsible for the observed trend. Both CHSH Auger-Meitner recombination

and increasing L-valley occupation show similar trends, making quantitative fits to the

data difficult. However, the drop in external quantum efficiency with pressure is better

explained by increased L-valley occupation. From previous studies, regardless of strain

or active region composition, CHSH Auger is only expected to only become important in

devices emitting below 2 µm. As such it is proposed that enhanced L-occupation may

explain the difference in pressure data and also contribute to raised thresholds at higher

temperatures. This is not a process that is typically investigated in these devices and may

warrant further investigation.

Temperature and pressure dependent Poisson-Schrödinger models were conducted to anal-

yse the distribution of carriers in the conduction and valence bands at transparency. It

was found that there was an increased fraction of indirect electrons in the devices on Si

due to the use of thinner wells which increased the confinement energy and shifted the

second lowest direct state to higher energies. This accounted for 16.6% of the injected

electrons at transparency. The occupation of such states may increases non-radiative

carrier recombination through Auger-Meitner or defect processes, and/or heighten free

carrier absorption losses.
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In addition, the VB offset in the devices on Si were around 40 meV lower than in the

active region design for the devices on GaSb, at just 60 meV. This results in an increased

fraction of carriers occupying bulk states above the barrier edge that may contribute to

a hole leakage current.

In this work, it is suggested that the L-valley occupation can be reduced for a given emis-

sion wavelength by utilising thicker wells with higher Sb content. This results in enhanced

compressive strain which also aids hole confinement. When modelling the Si devices using

10.9 nm thick wells with 92.7% Sb, so not to exceed the critical thickness, the reduced

L-valley occupation seen in the devices on native GaSb is matched at transparency.

VB offsets can be further increased by implementing quinary barrier layers such that the

VB and CB confinement can be tuned individually to ensure adequate carrier confinement.

It is postulated that Al content of 45%, with In and As contents of 28% can be used to

retain the electron confinement and emission wavelength of the original device, whilst

increasing the hole confinement by ∼ 80 meV to 180 meV total. This takes it beyond the

150 meV offset quoted to be adequate in literature. Whilst growth of such layers is highly

complex, this technique has been adopted in previous studies and may provide a feasible

route for enhanced high temperature performance.



Chapter 7

Conclusions & Future Work

In this chapter, the findings from the research conducted during the course of this project

are summarised. Recommendations for future research directions are offered based on the

insights gained from these investigations.

7.1 Electrically Pumped GeSn Lasers

The nature of the dominant recombination processes in electrically injected, first genera-

tion, bulk GeSn FP lasers was probed using high-hydrostatic pressure measurements at

low temperature. The bulk active region consisted of 10.5% Sn material, with a residual

compressive strain of -0.27%. A sizeable increase in Jth with pressure was observed at 85 K,

which may only be attributed to increased L-valley occupation, stemming from reducing

levels of directness. By performing a fit to the data, considering radiative, defect-related

and L-leakage current contributions, it was estimated that 93 ± 4% of the 1.2 kA/cm2

threshold current density was the result of defect related recombination. This may be

expected due to the large defect density observed in SEM images of the graded buffer

layer through which electrons are injected.

However, even at low temperature where thermal broadening of the carrier distribution

is low, ∼ 1.15 ± 0.02% of the current at atmospheric pressure was attributed to L-valley

carrier leakage. This indicated that the low maximum operational temperature could

be in part due to carriers being lost to indirect valleys where radiative recombination

lifetimes are long.

152
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This prompted an investigation of the material system itself to see if bulk electrically

injected GeSn lasers were plausible from a purely bandstructure perspective. To do this,

the transparency carrier density, representing the minimum carrier density above which

lasing can be achieved, was calculated as a function of temperature for GeSn alloys with

varying Sn content. It was found that Sn fractions in excess of 15% were required to

achieve at least 50% of carriers in direct states at RT, with over 20% needed to get the

indirect fraction under 10%. The levels of strain available to bulk electrically injected

lasers were unable to provide significant improvements to the threshold carrier density,

but nonetheless, compressive strain should be minimised where possible.

By including IVBA losses, calculated directly from the bandstructure, the transparency

carrier density ceases to fall with increasing Sn content. This stems from the gain peak

overlapping with strong LH-HH absorption as the bandgap is reduced for high Sn content

layers. As such, a turning point was found to exist at ∼ 16.5% Sn, constituting the min-

imum possible transparency carrier density. Thus in bulk devices, improving directness

may not yield better performance.

Alloys around 16% exhibit bandgap energies similar to their spin-orbit splitting energy

which may exacerbate Auger-Meitner recombination losses. Basic modelling of the general

Auger-Meitner current trends at transparency indicate that the CHCC current may be

relatively independent of Sn content and strain, since the effect of the reduced bandgap

is offset by that of increased directness. In contrast, the results suggest that the CHSH

Auger-Meitner current may be the highest in unstrained alloys with less than 14% Sn,

whilst order of magnitude reductions may be found by further increasing Sn and tensile

strain. As such, if the primary focus is to improve the operational temperature of electri-

cally pumped, bulk GeSn lasers at any wavelength, the interplay between Auger-Meitner

and IVBA effects need to be accurately modelled to find an optimal composition.

7.1.1 Future Work

The above analysis suggests that electrically injected FP lasers with GeSn active regions

may be fundamentally limited by large indirect carrier losses at high temperatures. As

such, it is likely that changes to the material system and/or the heterostructure will be

required to attain near RT operation. Details of both areas of interest, including potential

studies, are discussed in the following sub-sections.
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7.1.1.1 Alloying & Doping

One approach is to further explore the available parameter space. Alloying with other

group-IV materials, such as C or Pb, is one route that has been tentatively explored in a

handful of studies. As with III-V multinaries, exploring more group-IV alloys may allow

for superior engineering of group-IV based heterostructures due to enhanced control of

the bandstructure.

Initial reports of GePb suggested a composition of 3.5% Pb may be sufficient to produce

a direct-bandgap material [226]. Broderick et al. show that a singlet state at ∼ 1%

Pb is produced but this has primarily indirect (L-like) character, so cannot be classed

as truly direct material [227]. The authors find that 3-4% would indeed be required to

produce truly direct material, with a resulting bandgap of only 0.3-0.4 eV. Above 6-7% it

is postulated that the alloy would become semimetallic. The growth of GePb on Ge has

been reported in a number of studies [228]–[230], including the 2023 study by Liu et al.

where GePb QWs are grown on GePb [231]. The bandgaps of GePb0.035 and GePb0.072

were probed measuring the absorption edge, which were found to be 0.669 eV and 0.657

eV respectively, owing to strong confinement effects. Whilst this remains an active area

of work, the toxicity, environmental impact and public opinion of Pb may limit any real

commercial feasibility.

Carbon doping and alloying have also been explored for producing direct bandgap material.

C has the smallest effective mass of the group-IV elements, and as such an increase in the

bandgap energy and decrease in directness would be expected. However, Stephenson et

al. suggest introducing dilute levels of C into a Ge matrix results in an impurity level just

above the CB edge [232]. The interaction of this level with the Γ-valley minima results in

a strong splitting of 170 meV per C% over the first 1%. Such values are in line with those

observed for the first N% in dilute nitrides which are modelled using a band anti-crossing

model (150-200 meV splitting) [233]. A decrease in bandgap was observed in QW samples

with 0.2% C when compared to a Ge reference at 20 K using photoreflectance. Dey et

al. state that the bandstructure of GeC produces a material that is far more favourable

than GeSn for the production of QW devices [234]. They suggest that a larger Γ-valley

effective mass results in direct material with a confined Γ-like state for widths as low as

5 nm. If true, this could be an important step for producing efficient group-IV QW laser
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heterostructures, since SiGeSn and GeSn could then be used for SCH and cladding layers,

further enhancing optical confinement.

However, in 2019 the validity of the model for dilute carbides was debated by Kirwan et

al. who claimed the materials were in-fact only “quasi-direct" [235]. It is stated that this

is because the impurity state arises primarily from interactions with the L-valley of the

Ge matrix. This suggestion was based on DFT simulations which ascertained the pressure

coefficient of the lowest CB state. A pressure coefficient akin to that of the L-valley in Ge

suggests that the observed CB minima would be optically inactive. These findings were

supported by Broderick et al. [236], however it should be noted that this was refuted by

Gulyas et al. [237]. In contrast, this group used the inner product of the CB edge state

with the eigenstates of the Ge model to determine the primary character of the carbon

state.

Further work is required to determine the true nature of the CB edge and, therefore,

whether it is optically active. Since atomistic modelling has produced conflicting con-

clusions, an experimental approach is desirable for reliable verification. However, these

alloys are notoriously difficult to grow since C-C bonds and carbon clusters are energeti-

cally favourable compared to Ge-C bonds. Despite this, the growth of Sn free GeC was

reported by Reza et al [238] in 2023. A simple pressure dependent experiment could

therefore be designed to test the nature of the bandgap. This would involve measuring

the absorption in a bulk layer as a function of wavelength at different pressures. The

pressure coefficient of the absorption edge would indicate whether the state is primarily

direct or indirect. The premise is similar to the study previously conducted to assess the

Sn content required to produce the direct-indirect transition in GeSn [91].

7.1.1.2 Material Growth & Heterostructure Design

During the early stages of (Si)GeSn growth, the primary challenge was incorporating

sufficient levels of Sn to product direct gap material, since the solid solubility of Sn in Ge

is < 1.1% [239]. However, advances in far from equilibrium growth techniques involving

low temperature and high deposition rate means high quality layers with > 16% Sn are

now routinely achieved [240]–[242]. Despite this, as shown in chapter 5, defect related

recombination still plagues electrically injected FP laser devices. This occurs because

growing high Sn layers results in large compressive strains that are detrimental to gain.
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Thus, the GeSn active region is grown beyond the critical thickness to encourage relaxation

which results in the formation of large misfit dislocation arrays at the interface [17].

Introducing tensile strain into the active region of FP lasers is inherently difficult due to

the requirement for wide bandgap waveguiding and cladding layers for both carrier and

modal confinement. As such, whilst QW active regions could be implemented to reduce

interfacial defect formation, the issues associated with compressive strain would persist

and be further amplified by quantum confinement effects. The high Sn content and/or

tensile strain required to attain high temperature lasing in electrically injected devices

may therefore prove difficult using a FP cavity design.

A number of the design limitations have been avoided in optically pumped microdisk

lasers grown on insulators where dielectrics are used as cladding layer. Here, the layers

are covered with SiN which acts as a stressor layer, bringing the active region into a

tensile strain. The under etching of the microdisk also acts to reduce the number of

defects. Using this technique, RT lasing has been demonstrated, however, the production

process is very involved [20], [243]. In particular, a transfer process to a host substrate is

necessary. The requirement for this step makes the flip-chip bonding implementation of

vastly mature III-V lasers far more appealing.

In order to have a more scalable implementation, electrically injected ridge waveguide

lasers grown using aspect-ratio trapping (ART) may prove beneficial. ART is a selective

area growth technique which acts to limit the propagation of <111> oriented threading

dislocations by initialising the growth in a tall, narrow trench, etched into dielectric [244].

This results in dislocations terminating at the side walls of the trench without propagating

into the active layers. However, issues with antiphase domains persist due to polarity

mismatch when using III-V material. This scheme has been utilised by De Konnick et al

to produce electrically injected InGaAs lasers on Si, with impressive performance metrics

[245]. The heterostructure design is reproduced in Fig. 7.1 for clarity. The left structure

is the n-contact, while the structure on the right illustrates the p-i-n laser diode and the

p-contact.

Using this design, it can be imagined that GeSn with moderate Sn content could be used

for the n- and intrinsically-doped material, with 10-12% Sn used for the QWs. It may be

possible for a SiN layer to be placed between the device and the oxide, akin to the mi-

crodisk structures, thereby introducing tensile strain to enhance directness. Aspect ratio

trapping using GeSn has been reported in a single 2024 study, in which Sn incorporation
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Figure 7.1: Schematic diagram of an electrically injected InGaAs QW laser grown on
Si using ART, adapted from [245]. Threading dislocations are terminated at the trench

sidewalls for improved performance.

was strongly suppressed [246]. However, this remains an approach which is promising for

CMOS compatible edge emitting group-IV lasers.

7.2 GaSb-based QW Lasers on Si

The aim of the study explored in chapter 6 was to assess the recombination processes in

GaSb QW lasers grown epitaxially on on-axis Si substrates. To do this, devices operating

at 2.3 µm were compared to data previously obtained for lasers grown on native GaSb

substrates emitting at a similar wavelength.

Temperature dependent measurements of Jth resulted in Jth ≈ 200 A/cm2 at 20 K for

devices on Si, compared to 5 A/cm2 for lasers on GaSb. In this temperature range,

Auger-Meitner and leakage processes are well suppressed so the discrepancy is attributed

to defect related recombination. Above ∼ 150 K, the threshold current density rose

rapidly in both sets of devices, illustrating the onset of thermally activated recombination

processes.

These findings were reinforced by analysing the spontaneous emission as a function of

current and temperature. Z values of ∼ 1 were attained for temperatures below 100 K,
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again reflecting that the current was defect dominated. A steep rise in Z above 150 K

was indicative of a highly temperature dependent mechanism, however the basic nature

of the model meant it was not possible to deduce the responsible process.

In an attempt to recover the dominant recombination process at RT, Jth was measured as

a function of pressure. Both defect and hole leakage processes are expected to be pressure

independent, however Jth was seen to increase with pressure in devices on Si, in contrast

to those on GaSb which decreased. This highlighted that CHSH or L-leakage processes

must be present in the lasers on Si, however both trends were able to provide a good fit

to the data. The decreasing differential efficiency with pressure was more in line with an

L-leakage contribution, but further work was required to assess this possibility.

Calculating the flat bandstructure showed minor differences in the active region design be-

tween the two sets of devices, which made both L-leakage and hole-leakage more probable

in the lasers on Si. It was established that broadening the wells by 2 nm and increasing

the In content to ∼ 92 - 93% could both decrease the L-valley occupation and limit the

number of holes above the barrier edge at transparency. It was also demonstrated that

further refinements to the barrier, such as using quinary AlGaInAsSb material would

enable sufficient electron and hole confinement to be attained simultaneously.

As such, it was found that nominally small changes to the active region design can drasti-

cally alter the carrier recombination mechanisms present in GaSb based lasers. It was also

confirmed that defect related recombination was significantly greater in the devices on Si.

The following section outlines potential future work on similar devices, and alternative

schemes for GaSb based mid-infrared emitters on Si operating around 2-3 µm.

7.2.1 Future Work

To better isolate the impact of the substrate on the resultant performance metrics, it

may be necessary to grow the same heterostructure design on top of GaSb, GaAs and

Si wafers simultaneously. The growers have previously implemented this technique when

assessing antimonide-based ICLs [202]. In doing so, the effects of increased hole and

L-valley leakages encountered during this study, which greatly hindered interpretation,

would be negated.

This opens up the possibility for direct comparison of the active region by measuring

the gain characteristics using a segmented-contact approach [200]. Using this technique
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it is possible to deduce key information such as the total internal loss and transparency

carrier density. Whilst relating gain to the current density can complicate active region

comparison due to the inherent effect of non-radiative recombination, this issue can be

bypassed by instead relating the gain to a level of population inversion, which can be

obtained directly from the collected spectra [77].

Exploring alternative heterostructure designs may also be key to improving the perfor-

mance of epitaxially grown GaSb based lasers on Si. For example, utilising the ART

technique discussed in the previous sub-section to reduce the impact of threading dislo-

cations. Another option may be to change tact and opt for ICL based devices on Si in

order to cover the 2-3.5 µm range currently covered by type I QW devices. This stems

from preliminary studies by Cerutti et al and Fagot et al. which suggest that ICLs may

be more tolerant to defects [202], [247]. This is the result of two distinct features of the

heterostructure design. Firstly, the structure must minimise non-radiative recombination

occurring in the surrounding layers. In ICLs, this is achieved by having a hole injector

(electron blocking) layer and an electron injector (hole blocking layer) sandwiching the

active region. This stops electrons (holes) escaping to the p-side (n-side) of the structure

[247]. Secondly, the bandstructure should be such that recombining via a defect state is

less energetically preferable than radiative recombination. Assuming the defect states in

these structures are mid gap, a type II (or III) band alignment routinely used in ICLs can

be used to satisfy this requirement.
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Appendix A

Further Notes on Bandstructure

Calculations

Whilst researching the k·p theory, it was often difficult to decipher the origin of Hamilto-

nians presented in papers and textbooks. Different variants and notations were frequently

adopted, which further complicated interpretation and made it difficult to ensure the cor-

rect matrix elements were being used. The aim of this Appendix is to further elucidate the

theory outlined in the main text by reporting the derivation of the Dresselhaus-Kip-Kittel

3-band model, and how this leads to the 6-band Luttinger-Kohn model. Here, Löwdin

renormalisation and formulation of the renormalised Hamiltonian matrix elements are

stated explicitly in an attempt to provide a more accessible derivation than those pro-

vided in many textbooks. Google Drive links to the Python code used to model 6-band,

8-band bandstructure, gain and IVBA are then presented.

A.1 The 3-band Dresselhaus-Kip-Kittel Model

If relativistic effects are initially ignored, the basis states of the VB may be given by the

three degenerate p-like (l=1) orbital states with x−, y− and z− symmetries, denoted as

|X⟩ , |Y ⟩ , |Z⟩. As the basis states are by definition a complete set, the eigenfuctions at

any k may be given by a linear combination of the basis states, such that

|unk⟩ =
∑
m

cm(k) |um0⟩ , (A.1)

180
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where cm(k) = ⟨um0|unk⟩. Substituting into Eqn.4.5 and multiplying both sides by ⟨un0|,

the Schrödinger equation can can be rewritten in matrix form as [140]

∑
m

[{
En(0) +

ℏ2k2

2m0

}
δmn +

ℏ
m0

k · pnm

]
cm(k) = En(k)cn(k), (A.2)

where pnm = ⟨un0|p |um0⟩. Therefore in terms of the Hamiltonian matrix elements, Hnm,

∑
m

Hnmcm(k) = En(k)cn(k) (A.3)

⇒
∑
m ̸=n

Hnmcm(k) = (En(k)−Hnn) cn(k). (A.4)

In order to accurately model the bandstructure, the effect of remote band interactions

must be included in the model. This is nominally achieved through Löwdin’s method of

renormalisation [145]. The process involves dividing eigenstates of the system into two

classes denoted A and B. Class A consists of states which interact strongly with each other

and weakly with states in class B; these are the basis states. Class B states then refer

to all other, energetically remote states. This is illustrated in Fig. A.1 a) for the case of

a 3 or 6 state basis where the VB interactions are modelled explicitly. The interactions

between class A and B states are then removed using an iterative process, resulting in

renormalised interactions between the Class A states. To perform this renormalisation,

the coefficients cn(k) are initially found by rearranging Eqn. A.4 and dividing between

the two classes as [65]

cn(k) =
∑

m∈A ̸=n

Hnm

En(k)−Hnn
cm(k) +

∑
j∈B ̸=n

Hnj

En(k)−Hnn
cj(k). (A.5)
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While Eqn. A.5 is valid for n ∈ A, the equation remains valid for n ∈ B, without the

n ̸= m restriction. As such, Eqn. A.5 can be used to iteratively replace cj(k), giving [146]

cn(k) =
∑

m∈A ̸=n

Hnm

En(k)−Hnn
cm(k)

+
∑
j∈B

Hnj

En(k)−Hnn

∑
m∈A

Hjm

Ej(k)−Hjj
cm(k) +

= 0 (1st order)︷ ︸︸ ︷∑
i∈B ̸=j

Hji

Ej(k)−Hjj
ci(k)+ ...


︸ ︷︷ ︸

cj(k)

.

(A.6)

⇒
∑
m∈A

cm(k)

En(k)−Hnn

Hnm +
∑
j∈B

HnjHjm

Ej(k)−Hjj︸ ︷︷ ︸
UA

nm

−Hnmδnm

 (A.7)

where UA
mn is the renormalised Hamiltonian. Rearranging Eqn. A.7, the renormalised

eigenvalue problem to be solved then reads

∑
m∈A

(
UA

mn − Enδmn

)
cm(k) = 0. (A.8)

Hnm represents the Hamiltonian describing interactions between class A states and is

determined using perturbation theory for degenerate states. To second order, the matrix

elements are

Hnm =

[
En(0) +

ℏ2k2

2m0

]
δnm +

ℏ
m0

∑
α

kα
∑

m∈A ̸=n

p(α)
nm +

ℏ2

m2
0

∑
α,β

kαkβ
∑

j∈A ̸=n

p
(α)
nj p

(β)
jm

E0 − Ej︸ ︷︷ ︸
= 0

.

(A.9)

Since the basis states all have p-like symmetry, the momentum matrix elements of the

form are zero for interactions between class A states. For the second term in UA
nm, j /∈ A,

the terms of the form Hnj and Hjm are therefore potentially non-zero, and can be written

generally as

Hnj =
ℏ
m0

∑
α

kα
∑
j ∈ B
n ∈ A

p
(α)
nj . (A.10)
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We therefore obtain the renormalised Hamiltonian [146]

UA
nm =

[
En(0) +

ℏ2k2

2m0

]
δnm +

ℏ2

m2
0

∑
α,β

kαkβ
∑
j ∈ B

n,m ∈ A

p
(α)
nj p

(β)
jm

E0 − Ej
(A.11)

= En(0)δnm +
∑
α,β

kαkβD
α,β
nm (A.12)

where we have defined

Dα,β
nm =

ℏ2

2m0

δnmδα,β +
2

m0

∑
j∈B ̸=n,m

p
(α)
nj p

(β)
jm

E0 − Ej

 . (A.13)

Since the valence band edge at Γ is taken to be the energetic zero, the renormalised

Hamiltonian is given by the right-most term in Eqn. A.12, this is the form first devised

by Dresselhaus, Kip and Kittel [144].

Figure A.1: a) schematic bandstructure using a 3-band model (with SO interactions
neglected), illustrating the highest valence band as class A, and all other bands as class
B, along with their typical orbital character at Γ. b) Symmetries of the s, p and d or-
bitals used during the calculations of the matrix elements in the Hamiltonian derivations

presented in this work. Adapted from [65].

Whilst the interaction matrix elements remain unknown, we are now at a place where

each matrix elements of the renormalised Hamiltonian may be derived as a function of

kx, ky and kz with a minimal number of fitting parameters, which may be obtained via

experimental or atomistic modelling approaches. To do so, the non-zero coefficients Dα,β
nm
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must be determined through analysis of the state symmetries. For III-V and group IV

materials, coupling between s, p and d states is considered, the orbitals of which are

illustrated in Fig. A.1 b). The non-zero momentum matrix elements are given in Table

A.1

We initially consider the case of the matrix elements D11 and D12, where state 1 denotes

|X⟩ and 2 is |Y ⟩. Utilising Eqn. A.13 and the symmetry arguments in Table A.1, it can

be shown that, for bulk material, the matrix elements are [65]

D11 = k2x ⟨X| px |S⟩W
′
s ⟨S| px |X⟩+ k2y ⟨X| py |Z⟩W

′
p ⟨Z| py |X⟩

+ k2z ⟨X| pz |Y ⟩W ′
p ⟨Y | pz |X⟩+ k2x ⟨X| px |da⟩W

′
d ⟨da| px |X⟩

+ k2x ⟨X| px |db⟩W
′
d ⟨db| px |X⟩ (A.14)

D12 = kxky

[
⟨X| px |S⟩W

′
s ⟨S| py |Y ⟩+ ⟨X| py |Z⟩W

′
p ⟨Z| py |X⟩

+ ⟨X| px |da⟩W
′
d ⟨da| py |Y ⟩+ ⟨X| px |db⟩W

′
d ⟨db| py |Y ⟩

]
, (A.15)

where W ′
s, W

′
p and W

′
d are fitting parameters characterising the strength of coupling for

s-p, p-p and p-d interactions, respectively. By defining Ws = W
′
s ⟨X| px |S⟩2 , Wp =

W
′
p ⟨X| py |Z⟩2 and Wd = 2

3W
′
d ⟨X| px |da⟩2, the matrix elements are then

D11 = k21(Ws + 2Wd) + (k2y + k2z)Wp, (A.16)

D12 = kxky(Ws −Wd +Wp). (A.17)

Value

s-p coupling ⟨X| px |S⟩ = ⟨Y | py |S⟩ = ⟨Z| px |S⟩
p-p coupling ⟨X| py |Z⟩ = ⟨Z| px |Y ⟩ = ⟨Y | pz |X⟩ = ⟨Z| py |X⟩ = ⟨Y | px |Z⟩ = ⟨X| pz |Y ⟩
p-d coupling ⟨X| px |da⟩ = −⟨y| py |da⟩ = −

√
3 ⟨X|Px |db⟩ = −

√
3 ⟨Y | py |db⟩

Table A.1: The non-zero momentum matrix elements between s-, p- and d-states. Only
two of the five total d orbitals are considered, denoted da and db. Taken from [65].



Appendix A: Further Notes on Bandstructure Calculations 185

The other matrix elements form cyclic permutations of the above equations, resulting in

the DKK Hamiltonian given by [144]

HDKK =


Lk2x +M(k2y + k2z) Nkxky Nkxkz

Nkxky Lk2y +M(k2z + k2x) Nkykz

Nkxkz Nkykz Lk2z +M(k2x + k2y),

 (A.18)

where L ≡ −Ws − 2Wd, M ≡ −Wp and N ≡ −Ws −Wp+Wd, as per their notation.

A.2 The 6-band Luttinger-Kohn Model

In the previous model, the resulting bandstructure is triply degenerate at the zone centre,

in stark contrast to experimental findings. The previous model was therefore subsequently

adapted by Luttinger and Kohn to account for the spin-orbit interaction, which correctly

reproduces the spin-orbit split off band energy [143]. The spin-obit Hamiltonian is given

by

HSO =
ℏ

4m2
0c

2

[
(σ ×∇V ) · p+ (σ ×∇V ) · k︸ ︷︷ ︸

= 0

]
=

ℏ
4m2

0c
2
(∇V × p) · σ, (A.19)

where the rightmost term is neglected from the analysis since the momentum of the

electron in the orbital, where the spin-orbit interaction is strongest, is significantly greater

than the crystal momentum, (ℏk << p) [148]. Here σ = (σx, σy, σz) are the Pauli spin

matrices [76]

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 (A.20)

which act on the |↑⟩, |↓⟩ eigenspinors as

σx |↑⟩ = |↓⟩ , σx |↓⟩ = |↑⟩ , (A.21)

σy |↑⟩ = i |↓⟩ , σy |↓⟩ = −i |↑⟩ , (A.22)

σz |↑⟩ = |↑⟩ , σz |↓⟩ = − |↓⟩ . (A.23)

To account for the two distinct spin-projections, the basis set of the three band model is

multiplied by the eigenspinors |↑⟩ , |↓⟩ to form a six state basis. The new set is written in



Appendix A: Further Notes on Bandstructure Calculations 186

the ‘LS’ basis as |X ↑⟩ , |Y ↑⟩ , |Z ↑⟩ , |X ↓⟩ , |Y ↓⟩ , |Z ↓⟩ where L is the orbital angular

momentum as before, and S is the spin. Due to the symmetry of p-like basis states, the

non-zero matrix elements between states of the same spin are all of cyclical permutations

of the form [142]

∆so ≡
3iℏ

4m2
0c

2
⟨X ↑| (∇V × p)y |Z ↑⟩ , (A.24)

such that [248]

HSO =
∆so

3



0 −i 0 0 0 1

i 0 0 0 0 −i

0 0 0 −1 i 0

0 0 −1 0 i 0

0 0 −i −i 0 0

1 i 0 0 0 0


. (A.25)

The full Luttinger-Kohn Hamiltonian is then obtained in the LS basis as

HLS
LK(k) = D ⊗ I2x2 +HSO. (A.26)

It should be noted that Luttinger and Kohn redefine D from that of the DKK model,

such that

D =
ℏ2k2

2m0
+DDKK , (A.27)

thus yielding [143]

D =


Ak2x +B(k2y + k2z) Ckxky Ckxkz

Ckxky Ak2y +B(k2z + k2x) Ckykz

Ckxkz Ckykz Ak2z +B(k2x + k2y),

 (A.28)

where the coefficients A, B and C are linked to L, M and N as

A =
ℏ2

2m0
+ L, (A.29)

B =
ℏ2

2m0
+M, (A.30)

C = N. (A.31)

Since Eqn. A.26 is not diagonal for k = 0, and therefore cannot be solved exactly, it is

customary to perform a transformation to the JMJ basis, for which exact solutions can
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be found at the zone-centre [142]. Here J = L+ S is the total angular momentum, and

MJ is the associated z-axis projection. The new basis set reads [146], [149]

|u10⟩ =
∣∣∣∣32 , 32

〉
= − 1√

2
|(X + iY ) ↑⟩ , (A.32)

|u20⟩ =
∣∣∣∣32 , 12

〉
= − 1√

6
|(X + iY ) ↓⟩+

√
2

3
|Z ↑⟩ , (A.33)

|u30⟩ =
∣∣∣∣32 ,−1

2

〉
=

1√
6
|(X − iY ) ↑⟩+

√
2

3
|Z ↓⟩ , (A.34)

|u40⟩ =
∣∣∣∣32 ,−3

2

〉
=

1√
2
|(X − iY ) ↓⟩ , (A.35)

|u50⟩ =
∣∣∣∣12 , 12

〉
=

1√
3
|(X + iY ) ↓⟩+ 1√

3
|Z ↑⟩ , (A.36)

|u60⟩ =
∣∣∣∣12 ,−1

2

〉
=

1√
3
|(X − iY ) ↑⟩ − 1√

3
|Z ↓⟩ . (A.37)

The diagonalised spin-orbit Hamiltonian then takes the form [142]

HJMJ
SO =

∆so

3



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 −2 0

0 0 0 0 0 −2


, (A.38)

illustrating that the inclusion of the spin-orbit interaction splits the sixfold degeneracy

at the Γ-point into a |3/2,MJ⟩ quadruplet and a |1/2,MJ⟩ doublet. The quadruplet

forms the doubly spin-degenerate LH and HH bands which are separated from the spin-

degenerate spin-orbit split off band by an energy ∆so.

From Eqns. A.26 and 4.32, the total Luttinger-Kohn Hamiltonian in the JMJ basis is

given by [146]

HJMJ
LK =



EHH(k)
√
2S(k) −S(k) 0 −R(k) −

√
2R(k)

ELH(k) Q(k) R(k) 0
√
3S(k)

ESO(k) −
√
2R(k) −

√
3S∗(k) 0

EHH(k)
√
2S∗(k) −S∗(k)

ELH(k) Q(k)

ESO(k)


(A.39)
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where the k dependent functions are

EHH(k) = − ℏ2

2m0

[
(γ1 + γ2) k

2
|| + (γ1 − 2γ2) k

2
z

]
, (A.40)

ELH(k) = − ℏ2

2m0

[
(γ1 − γ2) k

2
|| + (γ1 + 2γ2) k

2
z

]
, (A.41)

ESO(k) = −∆so −
ℏ2

2m0
γ1(k

2
|| + k2z), (A.42)

Q(k) = − ℏ2√
2m0

γ2
(
k2x + k2y

)
+

√
2ℏ2

m0
γ2k

2
z , (A.43)

R(k) =

√
3

2

ℏ2

m0

[
γav (kx − iky)

2 − µ (kx + iky)
2 ], (A.44)

S(k) =

√
3

2

ℏ2

m0
γ3 (kx − iky) kz. (A.45)

Since the Hamiltonian is Hermitian, the lower elements are not explicitly depicted in Eqn.

A.39. γ1, γ2 and γ3 are the Luttinger parameters, which are fitting parameters related

to the effective mass along given crystallographic directions, and are defined as linear

combinations of A, B and C [146]:

γ1 ≡ −2m0

3ℏ2
(A+ 2B), (A.46)

γ2 ≡ −m0

3ℏ2
(A−B), (A.47)

γ3 ≡ −m0

3ℏ2
C. (A.48)

Here k2|| = k2x + k2y, and γav and µ have been defined for concision, taking the values
1
2(γ2 + γ3) and 1

2(γ3 − γ2), respectively [149].

A.3 Python Code

The code developed over the course of this work for calculating bulk bandstructure using

6- and 8-band models as well as calculating material gain and IVBA are accessible using

the following Google Drive link1. It should be noted that these functions were written to

be compatible with kpymod version 0.15.1 and lower.

1https://drive.google.com/file/d/1XCeeHwe29OoBA0lXH9tfei0-tXP4xd_I/view

https://drive.google.com/file/d/1XCeeHwe29OoBA0lXH9tfei0-tXP4xd_I/view?usp=drive_link
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